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Abstract 

Quantum systems which interact with their environment are often mo- 
deled by maximal dissipative operators or so-called Pseudo-Hamiltonians. 
In this paper the scattering theory for such open systems is considered. 
First it is assumed that a single maximal dissipative operator Ad m a 
Hilbert space fj is used to describe an open quantum system. In this case 
the minimal self-adjoint dilation K of Ad can be regarded as the Hamil- 
tonian of a closed system which contains the open system {Ad, Ft}, but 
since K is necessarily not semibounded from below, this model is difficult 
to interpret from a physical point of view. In the second part of the paper 
an open quantum system is modeled with a family {A(/j,)} of maximal dis- 
sipative operators depending on energy /i, and it is shown that the open 
system can be embedded into a closed system where the Hamiltonian is 
semibounded. Surprisingly it turns out that the corresponding scatter- 
ing matrix can be completely recovered from scattering matrices of single 
Pseudo-Hamiltonians as in the first part of the paper. The general results 
are applied to a class of Sturm-Liouville operators arising in dissipative 
and quantum transmitting Schrodinger-Poisson systems. 
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1 Introduction 



Quantum systems which interact with their environment appear naturally in 
various physical problems and have been intensively studied in the last decades, 
see e.g. the monographes ^H2]|35]. Such an open quantum system is often 
modeled with the help of a maximal dissipative operator, i.e., a closed linear 
operator Ad in some Hilbert space which satisfies 

Sm(A D /,/)<0, f€dom(A D ), 

and does not admit a proper extension in Sj with this property. The dynamics in 
the open quantum system are described by the contraction semigroup e~ ltAo , 
t > 0. In the physical literature the maximal dissipative operator Ad is usually 
called a pseudo-Hamiltonian. It is well known that Ad admits a self-adjoint 
dilation K in a Hilbert space & which contains as a closed subspace, that is, 
K is a self-adjoint operator in 8. and 

P^K-Xy 1 r fl = (A D - A) -1 

holds for all A € C+ := {z E C : 3m (z) > 0}, cf. . Since the operator K is 
self-adjoint it can be regarded as the Hamiltonian or so-called quasi-Hamiltonian 
of a closed quantum system which contains the open quantum system 
as a subsystem. 

In this paper we first assume that an open quantum system is described by 
a single pseudo-Hamiltonian Ad in Sj and that Ad is an extension of a closed 
densely defined symmetric operator A in Sj with finite equal deficiency indices. 
Then the self-adjoint dilation K can be realized as a self-adjoint extension of the 
symmetric operator A(BG in & = f)©L 2 (M, Hd), where Hd is finite-dimensional 
and G is the symmetric operator in L 2 (R, Hd) given by 

Gg := -i-^g, dom(G) = {g e W}(R,H D ) : g(0) = 0}, 

see Section IXT1 If Ao is a self-adjoint extension of A in .f) and Go denotes the 
usual self-adjoint momentum operator in L 2 (R, Hd), 

G g:=-i^-g, dom (G) = W\ (M, Hd), 
ax 

then the dilation K can be regarded as a singular perturbation (or more precisely 
a finite rank perturbation in resolvent sense) of the "unperturbed operator" 
Kq := Aq Go, cf. [7| 021- From a physical point of view Kq describes a 
situation where both subsystems {Ao,,f)} and {Go, L 2 (R, Hd)} do not interact 
while K takes into account an interaction of the subsystems. Since the spectrum 
er(Go) of the momentum operator is the whole real axis, standard perturbation 
results yield a(K) — ct(Kq) — K and, in particular, Kq and K are necessarily 
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not semiboundcd from below. For this reason Kq and K are often called quasi- 
Hamiltonians rather than Hamiltonians. 

The pair {K,K } is a complete scattering system in A — Sj © L 2 (M.,TId), 
that is, the wave operators 

W±(K,K ) := s- lim e ltR e - ltK ° P ac (K Q ) 

t — >±oo 

exist and are complete, cf. |81 ll3ll6Tll62| . Here P ac (Ko) denotes the orthogonal 
projection in & onto the absolutely continuous subspace 8. ac (Ko) of Kq. The 
scattering operator 

S(K,K ) :=W + (K,K )*W-(K,Ko) 

of the scattering system {K, Kq} regarded as an operator in & ac (K ) is uni- 
tary, commutes with the absolutely continuous part Kq c of Kq and is unitarily 
equivalent to a multiplication operator induced by a (matrix-valued) function 
{5(A)}agr in a spectral representation L 2 (R, dX, K.\) of Kg c = Aq c © G , cf. 
13 . The family {5(A)} is called the scattering matrix of the scattering system 
{K, Kq} and is one of the most important quantities in the analysis of scattering 
processes. 

In our setting the scattering matrix {5(A)} decomposes into a 2 x 2 block 
matrix function in L 2 (K, dX, IC\) and it is one of our main goals in Section [3] 
to show that the left upper corner in this decomposition coincides with the 
scattering matrix {5d(A)} of the dissipative scattering system {Ad, Aq}, cf. 
EZ||55]. The right lower corner of {5(A)} can be interpreted as the Lax-Phillips 
scattering matrix {5 ip (A)} corresponding to the Lax-Phillips scattering system 
{K, Z>_, T> + }. Here T>± := L 2 (R±,Hd) are so-called incoming and outgoing 
subspaces for the dilation K, we refer to [131 B§| for details on Lax-Phillips 
scattering theory. The scattering matrices {5(A)}, {5,d(A)} and {S LP (X)} are 
all explicitely expressed in terms of an "abstract" Titchmarsh-Weyl function 
M(-) and a dissipative matrix D which corresponds to the maximal dissipative 
operator Ad in fy and plays the role of an "abstract" boundary condition. With 
the help of this representation of {5 ip (A)} we easily recover the famous relation 

5 iP (A) =W An (X-iO)* 

found by Adamyan and Arov in jS] E El Ei between the Lax-Phillips scattering 
matrix and the characteristic function Wa d {') °f t ne maximal dissipative op- 
erator Ad, cf. Corollary 13. Ill We point out that M(-) and D are completely 
determined by the operators A C Aq and Ad from the inner system. This is 
interesting also from the viewpoint of inverse problems, namely, the scatter- 
ing matrix {5(A)} of {K, Kq}, in particular, the Lax-Phillips scattering matrix 
{5 ip (A)} can be recovered having to disposal only the dissipative scattering 
system {Ad,A }, see Theorem 13.61 and Remark l3~7l 

We emphasize that this simple and somehow straightforward embedding 
method of an open quantum system into a closed quantum system by choos- 
ing a self-adjoint dilation K of the pseudo-Hamiltonian Ad is very convenient 
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for mathematical scattering theory, but difficult to legitimate from a physical 
point of view, since the quasi-Hamiltonians K and Kq are necessarily not semi- 
bounded from below. 

In the second part of the paper we investigate open quantum systems which 
are described by an appropriate chosen family of maximal dissipative operators 
{A(fi)}, [i G C+, instead of a single pseudo-Hamiltonian Ad- Similarly to the 
first part of the paper we assume that the maximal dissipative operators A(/i) 
are extensions of a fixed symmetric operator A in f) with equal finite deficiency 
indices. Under suitable (rather weak) assumptions on the family {A(n)} there 
exists a symmetric operator T in a Hilbert space and a self-adjoint extension 
L of L = A®T in £ = $j®<8 such that 

PsiiL-n)' 1 fi5= ceC + , (1.1) 

holds, see Section l4~2*l For example, in one-dimensional models for carrier trans- 
port in semiconductors the operators A(fj,) are regular Sturm-Liouville differ- 
ential operators in T 2 ((a,6)) with /x-dependent dissipative boundary conditions 
and the "linearization" L is a singular Sturm-Liouville operator in L 2 (M), cf. 
|1(JI 1341 1371 H5| and Section 14.41 We remark that one can regard and interpret 
relation (|l.ll) also from an opposite point of view. Namely, if a self-adjoint op- 
erator L in a Hilbert space £ is given, then the compression of the resolvent of 
L onto any closed subspace Sj of £ defines a family of maximal dissipative op- 
erators {A(n)} via l|l.ll) . so that each closed quantum system {T,£} naturally 
contains open quantum subsystems {{A(^)},,f)} of the type we investigate here. 
Nevertheless, since from a purely mathematical point of view both approaches 
are equivalent we will not explicitcly discuss this second interpretation. 

If Ao and To are self- adjoint extension of A and T in Sj and (5, respectively, 
then again L can be regarded as a singular perturbation of the self-adjoint oper- 
ator Lo := Aq(BTq in £. As above Lq describes a situation where the subsystems 
{Ao,.f)} and {To, 25} do not interact while L takes into account a certain inter- 
action. We note that if A and T have finite deficiency indices, then the operator 
L is semibounded from below if and only if A and T are semibounded from 
below. Well-known results imply that the pair {L, Lq} is a complete scattering 
system in the closed quantum system and again the scattering matrix {S*(A)} 
decomposes into a 2 x 2 block matrix function which can be calculated in terms 
of abstract Titchmarsh-Weyl functions. 

On the other hand it can be shown that the family {A(fi)}, /j, G C+, admits 
a continuation to R, that is, the limit A(p, + iO) exists for a.e. fi € R in the 
strong resolvent sense and defines a maximal dissipative operator. The family 
A(ji + iO), fi G K, can be regarded as a family of energy dependent pseudo- 
Hamiltonians in f) and, in particular, each pseudo-Hamiltonian A(fi + iO) gives 
rise to a quasi-Hamiltonian in fj © T 2 (R, H^), a complete scattering system 
{K/j,, Ao © — ij^.} and a corresponding scattering matrix {^(A)} as illustrated 
in the first part of the introduction. 

One of our main observations in Section ^ is that the scattering matrix 
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{5(A)} of the scattering system {L, L } in Sj © (5 is related to the scattering 
matrices {5 M (A)} of the systems {K^,A © -*^}, A* G K, in © L 2 (M, 7i M ) via 

S^) = 5^//) for a.e. (iEl. (1.2) 

In other words, the scattering matrix {5(A)} of the scattering system {L, Lq} 
can be completely recovered from scattering matrices of scattering systems for 
single quasi-Hamiltonians. Furthermore, under certain continuity properties of 
the abstract Titchmarsh Weyl functions this implies 5(A) « 5 Jtl (A) for all A in a 
sufficiently small neighborhood of the fixed energy /i£R, which legitimizes the 
concept of single quasi-Hamiltonians for small energy ranges. 

Similarly to the case of a single pseudo-Hamiltonian the diagonal entries 
of {5(/i)} or {S^fi)} can be interpreted as scattering matrices corresponding 
to energy dependent dissipative scattering systems and energy-dependent Lax- 
Phillips scattering systems. Moreover, if {5^ P (A)} is the scattering matrix 

of the Lax-Phillips scattering system {K^,, L 2 (R±, Ti^)} and WaU){-) denote 
the characteristic functions of the maximal dissipative operators A(p) then an 
energy-dependent modification 

s^ p (fjL) = w AW (fjL-ioy 

of the classical Adamyan-Arov result holds for a.e. /j£l, cf. Section l4~3l 

The paper is organized as follows. In Section [5] we give a brief introduction 
into extension and spectral theory of symmetric and self-adjoint operators with 
the help of boundary triplets and associated Weyl functions. These concepts will 
play an important role throughout the paper. Furthermore, we recall a recent 
result on the representation of the scattering matrix of a scattering system con- 
sisting of two self-adjoint extensions of a symmetric operator from |14| . Section^] 
is devoted to open quantum systems described by a single pseudo-Hamiltonian 
Ad in Sj. In Theorem 13.21 a minimal self-adjoint dilation K in f) © L 2 (M.,Hd) 
of the maximal dissipative operator Ad is explicitely constructed. Section l3~2l 
and Section 1X51 deal with the scattering matrix of {K,Ko} and the interpreta- 
tion of the diagonal entries as scattering matrices of the dissipative scattering 
system {Ad,A } and the Lax-Phillips scattering system {K, L 2 (R±, TLd)}- In 
Section 13.41 we give an example of a pseudo-Hamiltonian which arises in the 
theory of dissipative Schrodinger-Poisson systems, cf. ^JElEHl- ^ n Section 0] 
the family {A(fj,)} of maximal dissipative operators in is introduced and, fol- 
lowing ideas of we construct a self-adjoint operator L in a Hilbert space £, 
£j C £, such that i|l.lfl holds. After some preparatory work the relation (|1.2|) be- 
tween the scattering matrices of {L, Lo} and the scattering systems consisting of 
quasi-Hamiltonians is verified in Section |4~31 Finally, in Section l4~4l we consider 
a so-called quantum transmitting Schrodinger-Poisson system as an example 
for an open quantum system which consists of a family of energy-dependent 
pseudo-Hamiltonians , cf . [IDI El ED El EH E| . 
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Notations. Throughout this paper (S), (•,•)) and (25, (•,•)) denote separable 
Hilbert spaces. The linear space of bounded linear operators defined on f) with 
values in 25 will be denoted by [Sj, 25]. If ft = 25 we simply write [S}]. The set 
of closed operators in $j is denoted by C(Sj). The resolvent set p(S) of a closed 
linear operator S G C(Sj) is the set of all A e C such that (5" — A) -1 e [Sj], 
the spectrum a(S) of S is the complement of p(S) in C. u p (S), adS), u ac (S) 
and cr r (S) stand for the point, continuous, absolutely continuous and residual 
spectrum of S, respectively. The domain, kernel and range of a linear operator 
are denoted by dom(-), ker(-) and ran(-), respectively. 

2 Self-adjoint extensions and scattering systems 

In this section we briefly review the notion of abstract boundary triplets and 
associated Weyl functions in the extension theory of symmetric operators, see 
e.g. [23 EEI [23 EH For scattering systems consisting of a pair of self-adjoint 
extensions of a symmetric operator with finite deficiency indices we recall a 
result on the representation of the scattering matrix in terms of a Weyl function 
proved in |14| . 

2.1 Boundary triplets and closed extensions 

Let A be a densely defined closed symmetric operator in the separable Hilbert 
space Sj with equal deficiency indices n±(A) = dimker(yl* =F i) < oo. We use 
the concept of boundary triplets for the description of the closed extensions 
A e C A* of A in ft. 

Definition 2.1 A triplet U = {7i,ro,ri} is called a boundary triplet for the 
adjoint operator A* if TL is a Hilbert space and Tq,Ti : dom(^4*) — > 7i are 
linear mappings such that the "abstract Green identity" 

(A*f,g) - (f,A*g) = (Fi/,r <?) - (T f,T ig ), 

holds for all f,g S dom (A*) and the map F := (To, Ti) T : dom (A*) — > H x TL 
is surjective. 

We refer to |2H1 and for a detailed study of boundary triplets and recall 
only some important facts. First of all a boundary triplet IT = {TL^T^jTi} for 
A* exists since the deficiency indices n± (A) of A are assumed to be equal. Then 
"-±(-4) = dimH and A — A* \ ker(r )nker(ri) holds. We note that a boundary 
triplet for A* is not unique. 

In order to describe the closed extensions A® C A* of A with the help of 
a boundary triplet II = {7i,ro,ri} for A* we have to consider the set C(Ti.) 
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of closed linear relations in Ti, that is, the set of closed linear subspaces of 
Ti x Ti. We usually use a column vector notation for the elements in a linear 
relation G. A closed linear operator in Ti is identified with its graph, so that 
the set C(Tt) of closed linear operators in H is viewed as a subset of C(H), in 
particular, a linear relation G is an operator if and only if the multivalued part 
mul0 = {/' : ( fi ) £ 0} is trivial. For the usual definitions of the linear 
operations with linear relations, the inverse, the resolvent set and the spectrum 
we refer to [32]. Recall that the adjoint relation 0* £ C(Tt) of a linear relation 
in Ti is defined as 

e * = { (£) : {h '> k) = {h ' fc,) for al1 (h) e 9 

and is said to be symmetric (self- adjoint) if C 0* (resp. = 0*). Notice 
that this definition extends the definition of the adjoint operator. For a self- 
adjoint relation = 0* in Ti the multivalued part mul is the orthogonal 
complement of dom in Ti. Setting Ti op '■= dom and Hoc — mul one verifies 
that can be written as the direct orthogonal sum of a self-adjoint operator 
op in the Hilbert space Ti op and the "pure" relation 9^ = { ( °/ ) : /' € mul 6} 
in the Hilbert space Hoq. 

A linear relation G in Ti is called dissipative if 3m (h! ', h) < holds for all 
(h, h') £ G and G is called maximal dissipative if it is dissipative and does not 
admit proper dissipative extensions in Ti; then G is necessarily closed, G £ C(Ti). 
We remark that a linear relation G is maximal dissipative if and only if G is 
dissipative and some A £ C + (and hence every A £ C+) belongs to p(9). 

A description of all closed (symmetric, self-adjoint, (maximal) dissipative) 
extensions of A is given in the next proposition. 

Proposition 2.2 Let A be a densely defined closed symmetric operator in !r) 
with equal deficiency indices and let IT = {7i,ro,ri} be a boundary triplet for 
A*. Then the mapping 

G h+ A e := A* \ T^Q = A* \ {/ e dom (A*) : (T Q f, T^^ £ G} (2.1) 

establishes a bijective correspondence between the set C(Ti) and the set of closed 
extensions Aq C A* of A. Furthermore 

(A e y = A e . 

holds for any G £ C(Ti). The extension Aq in l|2.1|l is symmetric (self-adjoint, 
dissipative, maximal dissipative) if and only if G is symmetric (self-adjoint, 
dissipative, maximal dissipative). 

It follows immediately from this proposition that if II = {Ti,To,Ti} is a 
boundary triplet for A* , then the extensions 

A := A* \ ker(r ) and A x := A* \ ker(ri) 
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are self-adjoint. In the sequel usually the extension Ao corresponding to the 
boundary mapping T is regarded as a "fixed" self-adjoint extension. We note 
that the closed extension A® in (|2.1[l is disjoint with Ao, that is dom(Ae) H 
dom( J 4o) = dom (A), if and only if 8 S C(TL). In this case ()2.1|1 takes the form 

A e = A*rher( r i- er o)- ( 2 - 2 ) 

For simplicity we will often restrict ourselves to simple symmetric operators. 
Recall that a symmetric operator is said to be simple if there is no nontrivial 
subspace which reduces it to a self- adjoint operator. By |47j each symmetric 
operator A in ft can be written as the direct orthogonal sum A © A s of a simple 
symmetric operator A in the Hilbert space 

fj = clospan{ker(A* - A) : A € C\R} 

and a self-adjoint operator A s in Sj © $). Here clospan{-} denotes the closed 
linear span. Obviously A is simple if and only if coincides with S). Notice 
that if n = {Ti, To, T\} is a boundary triplet for the adjoint A* of a non-simple 
symmetric operator A — A © A s , then n = {Ti, To, T\], where 

f := T \ dom ((!)*) and f x := Ti \ dom ((!)*), 

is a boundary triplet for the simple part (A)* £ C(Sj) such that the extension 
A & = rC-^G, 9 € C(W), in Si is given by A e © A,, A e := f^G ^C(J>), 
and the Weyl functions and 7-fIelds of n = {7Y,ro,ri} and n = {H,To,Ti} 
coincide. 

We say that a maximal dissipative operator is completely non-self-adjoint if 
there is no nontrivial reducing subspace in which it is self-adjoint. Notice that 
each maximal dissipative operator decomposes orthogonally into a self-adjoint 
part and a completely non-self-adjoint part, see e.g. 

2.2 Weyl functions, 7-fields and resolvents of extensions 

Let, as in Section 12.11 A be a densely defined closed symmetric operator in S) 
with equal deficiency indices. If A e C is a point of regular type of A, i.e. 
(A — A) -1 is bounded, we denote the defect subspace of A by J\f\ = kcr(A* — A). 
The following definition can be found in [771 EM I5D] . 

Definition 2.3 LetH = {7Y,ro,ri} be a boundary triplet for A* . The operator 
valued functions : p{Ao) — > and M(-) : p(Aq) — > [hi] defined by 

7 (A) := (TolM^y 1 and M(A) := r l7 (A), A G p(A ), (2.3) 

are called the 7-field anrf i/ie Weyl function, respectively, corresponding to the 
boundary triplet TL. 
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It follows from the identity dom (A*) = ker(T )+Af\, A 6 p(A ), where as above 
A = A*\ ker(r ), that the 7-field and the Weyl function M(-) in JOl are 
well defined. Moreover both 7(-) and M(-) are holomorphic on p(Aq) and the 
relations 

7 (A) = (/ + (A - p){A - A)- 1 ) 7 ( / i), X,fi e p(A ), 

and 

M(A)-M( M )* = (A-m) 7 W*7(A), A^epW, (2.4) 

are valid (see jlHl)- The identity (|2.4|1 yields that M(-) is a Nevanlinna function, 
that is, M(-) is a ([7i]-valued) holomorphic function on C\R and 

M(A) = M{\y and > (2.5) 

y-m (A) 

hold for all A 6 C\R. The union of C\K and the set of all points A S K such 
that M can be analytically continued to A and the continuations from C+ and 
CL coincide is denoted by f)(M). Besides (I2.5|) it follows also from (|2.4() that 
the Weyl function M(-) satisfies € p(3m(M(A))) for all A e C\M; Nevanlinna 
functions with this additional property are sometimes called uniformly strict, 
cf. I2H1- Conversely, each [TC] -valued Nevanlinna function r with the additional 
property £ p(3m (r(A))) for some (and hence for all) A € C\M can be realized 
as a Weyl function corresponding to some boundary triplet, we refer to |2"81l4*51 
IBT7] for further details. 

Let again II = {H., To, Ti} be a boundary triplet for A* with corresponding 
7-field 7(-) and Weyl function M(-). The spectrum and the resolvent set of 
the closed (not necessarily self-adjoint) extensions of A can be described with 
the help of the function M(-). More precisely, if Aq C A* is the extension 
corresponding to 9 € C(H) via (|2.1|) . then a point A £ p{A ) belongs to p(A@) 
{o-i(A @ ), i = p,c,r) if and only if € ,0(6 - M(A)) (rcsp. € 0^(6 - M(A)), 
i = p,c,r). Moreover, for A 6 p(^4o) H p(^4e) the well-known resolvent formula 

(A e - A)- 1 = (A, - A)" 1 + 7 (A) (0 - M(A)) _1 7 (A)* (2.6) 

holds, cf. |271 1281 150] . Formula l|2.6|l is a generalization of the known Krein 
formula for canonical resolvents. We emphasize that it is valid for any closed 
extension Aq C A* of A with a nonempty resolvent set. 

2.3 Self-adjoint extensions and scattering 

Let A be a densely defined closed symmetric operator in the separable Hilbert 
space and assume that the deficiency indices of A coincide and are finite, i.e., 
n+(A) = n-(A) < 00. Let IT = {H,r ,Fi}, A := A* f ker(r ), be a boundary 
triplet for A* and let Aq be a self-adjoint extension of A which corresponds to 
a self-adjoint Q £ C(Ti). Since here dimTC is finite by 12.6fl 

(A e - A)- 1 - {A - A)- 1 , A e p(A e ) n p(A ), 
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is a finite rank operator and therefore the pair {Ao,Ao} performs a so-called 
complete scattering system, that is, the wave operators 

W±(A @ ,A ) := s- lim e UAe e- UA «P ac (A ), 

t — >±oo 

exist and their ranges coincide with the absolutely continuous subspace f) ac (j4e) 
of A@, cf. [EH US ED E2 P ac {A ) denotes the orthogonal projection onto 
the absolutely continuous subspace F) ac (Ao) of Aq. The scattering operator 
S(Aq,Aq) of the scattering system {Aq,Aq} is then defined by 

S(A e ,A ) :=W + (A e ,A )*W-(A e ,A ). 

If we regard the scattering operator as an operator in $j ac (Ao), then S(Aq, Aq) 
is unitary, commutes with the absolutely continuous part 

A a a c :=A rdom(A )n53 ac (A ) 

of Aq and it follows that S(Aq,Aq) is unitarily equivalent to a multiplication 
operator induced by a family {S'e(A)} of unitary operators in a spectral rep- 
resentation of Aq c , see e.g. [ED Proposition 9.57]. This family is called the 
scattering matrix of the scattering system {^4o,j4o} and is one of the most 
important quantities in the analysis of scattering processes. 

We note that if the symmetric operator A is not simple, then the Hilbert 
space fj can be decomposed as f) = S) © {F>) ± (cf. the end of Section [OJ such 
that the scattering operator is given by the orthogonal sum S(Aq, Aq)®I, where 
Aq = Aq © A s and Aq = Aq © A s , and hence it is sufficient to consider simple 
symmetric operators A in the following. 

Since the deficiency indices of A are finite the Weyl function M(-) corre- 
sponding to the boundary triplet II = {Tt, T , T%} is a matrix- valued Nevanlinna 
function. By Fatous theorem (see [SID EE]) then the limit 

M (A + iO) := lim Q M(A + ie) (2.7) 

from the upper half-plane exists for a.e. A £ 1. We denote the set of real points 
where the limit in (|2.7() exits by S M and we agree to use a similar notation for 
arbitrary scalar and matrix-valued Nevanlinna functions. Furthermore we will 
make use of the notation 

U MW := ran(Qm(M(A))), A G S M , (2.8) 

and we will in general regard TLm{\) a s a subspace of TL. The orthogonal projec- 
tion and restriction onto 7i.M(\) will be denoted by Pm(\) an d \n M{x) % respec- 
tively. Notice that for A 6 p(Ao)P\M. the Hilbert space TLm{\) is trivial by 1)2. 4|) . 
Again we agree to use a notation analogous to l|2.8|) for arbitrary Nevanlinna 
functions. The family {Pm(a)}ass m of orthogonal projections in 7i onto 7Ym(a)j 
A £ E , is measurable and defines an orthogonal projection in the Hilbert space 
L 2 (R,d\,H); sometimes we write L 2 (R,H) instead of i 2 (R, dX, H). The range 
of this projection is denoted by L 2 (M, dX, Hm(a))- 
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Besides the Weyl function M(-) we will also make use of the function 



A h-> iVe(A) := (6 - M(A)) \ A G C\M, (2.9) 

where 9 G C(7i) is the self-adjoint relation corresponding to the extension 
A e via (EH}. Since A G p(A>) H p(A e ) if and only if G p(9 - M(A)) the 
function Nq(-) is well defined. It is not difficult to see that Nq(-) is an [H]- 
valued Nevanlinna function and hence Nq(X + iO) = lim e ^o-^e(A + * e ) exists 
for almost every A G R, we denote this set by E* 9 . We claim that 

N e (X + iO) = (Q- AI(\ + iO)y\ AeS^'nE*, (2.10) 

holds. In fact, if 9 is a self-adjoint matrix then l|2.10|l follows immediately 
from 7V e (A)(9 - M(A)) = (6 - M(A))JV e (A) = I n , A G C+. If 9 G C(W) 
has a nontrivial multivalued part we decompose 9 as 9 = 9 op © 9^, where 
9 op is a self-adjoint matrix in H op = dom 9 op and 9oo is a pure relation in 
Hoo — HQ Hop, cf. Section |2~T1 and denote the orthogonal projection and 
restriction in H onto H op by P op and \h op , respectively. Then we have 

A h- N & (\) = (9 op - P op A/(A) ^ OP ) _1 P OP , A G C\R, 

(see e.g. |H page 137]) and from N e {\ + i0) = (6 Qp - P op M(\ + iO) InJ^Pop 
for all A e E M n S We we conclude fOty . Notice that the set M\(£ M n S^ 6 ) 
has Lebesgue measure zero. 

The following representation theorem of the scattering matrix {<S , o(A)}agk 
of the scattering system {^4e,^4o} is essential in the following, cf. Theo- 
rem 3.8]. Since the scattering matrix is only determined up to a set of Lebesgue 
measure zero we choose the representative of the equivalence class defined on 

s M ns We . 

Theorem 2.4 Let A be a densely defined closed simple symmetric operator with 
finite deficiency indices in the separable Hilbert space f), let II = {7i,ro,ri} be 
a boundary triplet for A* with corresponding Weyl function M(-) and define 
Hm(X)i A G as in (|2.8|) . Furthermore, let Aq = A* \ ker(ro) and let 

Aq = A* r r^ _1 ^0, 9 G C(H), be a self-adjoint extension of A. Then the 
following holds. 

(i) Aq c is unitarily equivalent to the multiplication operator with the free vari- 
able in L 2 (R,d\,H M (\))- 

(ii) In L 2 (W, d\,HM(\)) the scattering matrix {Sq(X)} of the complete scat- 
tering system {Aq, Aq} is given by 

5 e (A) = In MW + 2iP M(A) V3m(M(A))(e - M(A)) ~ V&n (Af(A)) \n M(x) 

for all A G S M n E^ 6 , where M(A) := M(A + iO). 

11 



In order to show the usefulness of Theorem 12.41 and to make the reader more 
familiar with the notion of boundary triplets and associated Weyl functions we 
calculate the scattering matrix of the scattering system {—j^i + — ^2 } hi the 
following simple example. 

Example 2.5 Let us consider the densely defined closed simple symmetric op- 
erator 

(Af)(x) := -f"(x), dom (A) = {f £ W*(R) : /(0) = 0}, 

in L 2 (R), see e.g. [Q. Clearly A has deficiency indices n + (A) = n-(A) = 1 and 
it is well-known that the adjoint operator A* is given by (A* f)(x) — —f"(x), 

dom (A*) ={/ S Wi(R\{0}) : /(0+) = /(0-), /" £ L 2 (R)}. 

It is not difficult to verify that II = {C,ro,ri}, where 

r / := /'(0+) - /'(0-) and T 1 f:=-f(Q+), /edom(A*), 

is a boundary triplet for A* and Aq — A* \ ker(ro) coincides with the usual 
self-adjoint second order differential operator defined on W| (K). Moreover the 
defect space ker(A* — A), A [0, 00), is spanned by the function 



e 



ix)+e- lV * x xm_(x), A £ [0, 00), 



where the square root is defined on C with a cut along [0, 00) and fixed by 
3m (a/A) > for A £ [0, 00) and by y/X > for A £ [0, 00). Therefore we find 
that the Weyl function M(-) corresponding to II = {C, To, Tx} is given by 

M(A) = ^ = -^=, fx G kcr(A* — A), A0[O,oo). 
i-ojx 2VA 

Let a £ R\{0} and consider the self-adjoint extension A_ a -i corresponding to 
the parameter — a -1 , A_ a -i = A* \ ker(Ti + a _1 L ), i.e. 

(A_ a - 1 f)(x) = -f"(x) 

dom (A_ a -i) = {/ S dom (A*) : af(0±) = /'(0+) - /'(0-)}. 

,2 

This self-adjoint operator is often denoted by — -rs + ad, see [T]. It follows im- 
mediately from Theorem 12 . 41 that the scattering matrix {5(A)} of the scattering 
system {A_ a -i, Aq} is given by 

2\/\ — ia 

5(A) = — = , A > 0. 

2VA + ia 

We note that scattering systems of the form {—-^ + otS' , —-^z}, a ER, can be 
investigated in a similar way as above. Other examples can be found in |14j . 
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3 Dissipative and Lax-Phillips scattering systems 



In this section we regard scattering systems {Ad, Aq} consisting of a maximal 
dissipative and a self-adjoint extension of a symmetric operator A with finite 
deficiency indices. In the theory of open quantum system the maximal dissi- 
pative operator Ad is often called a pseudo-Hamiltonian. We shall cxplicitcly 
construct a dilation (or so-called quasi-Hamiltonian) K of Ad and calculate the 
scattering matrix of the scattering system {K, Aq © Go}, where Go is a self- 
adjoint first order differential operator. The diagonal entries of the scattering 
matrix then turn out to be the scattering matrix of the dissipative scattering 
system {Ad, Aq} and of a so-called Lax-Phillips scattering system, respectively. 

We emphasize that this efficient and somehow straightforward method for 
the analysis of scattering processes for open quantum systems has the essential 
disadvantage that the quasi-Hamiltonians K and Aq © Go are necessarily not 
scmibounded from below. 

3.1 Self-adjoint dilations of maximal dissipative operators 

Let in the following A be a densely defined closed simple symmetric operator in 
the separable Hilbert space with equal finite deficiency indices n±(A) = n < 
oo, let II = {H,To,Fx}, A = A* \ ker(T ), be a boundary triplet for A* and 
let D £ [H] be a dissipative n x n-matrix. Then the closed extension 

Ad = A* f ker(ri - DT ) 

of A corresponding to G = D via H2.lM2.2j l ^ s maximal dissipative and C+ 
belongs to p(Ad)- Notice that here we restrict ourselves to maximal dissipa- 
tive extensions Ad corresponding to dissipative matrices D instead of maximal 
dissipative relations in the finite dimensional space TL. This is no essential re- 
striction, see Remark 13.31 at the end of this subsection. For A £ p{Ad) H p(Aq) 
the resolvent of the extension Ad is given by 

(A D - A)" 1 = (Aq - A)" 1 + 7(A)(1) - M(A)) _1 7 (A)*, (3.1) 

cf. 12.6jl . Write the dissipative matrix D £ [TL] as 

D = Ue(D) + i$hn(D), 

decompose TL as the direct orthogonal sum of the finite dimensional subspaces 
ker(3m(D)) and Hd '■= ran (3m (£>)), 

ft = ker(3m (£>))© (3.2) 

and denote by Pd and \% D the orthogonal projection and restriction in TL 
onto Hd- Since 3m(D) < the self-adjoint matrix — Ffl9m (D) [>i D £ [Wd] 
is strictly positive and the next lemma shows how — iPc3 ; m(Z3) \u D (and 
zP^iSm (D) \n D ) can be realized as a Weyl function of a differential operator. 
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Lemma 3.1 Let G be the symmetric first order differential operator in the 
Hilbert space L 2 (M.,Ti.rj) defined by 

(Gg)(x) = -ig'{x), dom(G) = {g e W}(R,H D ) ■ .9(0) = 0}. 

Then G is simple, n±(G) = diraTlr) and the adjoint operator G*g = —ig' 
is defined on dom(G*) = Wi(M.-,H D ) 8 W / 2 1 (R+, H D )- Moreover, the triplet 
IIg = {Hd, T , Ti} 7 where 

To5 := -^(-PoSmp) \ H[> ) "* (,g(0+) - g(0-)) , 

T l9 := (-P^m (£>) r« D ) * (g(0+) + g(Q-)) , 

g € dom(G*), is a boundary triplet for G* and Gq := G* \ ker(T ) is the 
usual self-adjoint first order differential operator in L 2 (R, Jirf) with domain 
dom(Cro) = j(R, Wb) and cr(Go) = M. TTie Weyl function t(-) corresponding 
to the boundary triplet Hq = {Hd, To, Ti} is given by 

^P^mp)^, AeC_. 

Proof. Besides the assertion that Hq = {Wd,To,Ti} is a boundary triplet 
for G* with Weyl function r(-) given by (|3.3fl the statements of the lemma are 
well-known. We note only that the simplicity of G follows from [3 VIII. 104] 
and the fact that G can be written as a finite direct orthogonal sum of first 
order differential operators on R_ and R+. 

A straightforward calculation shows that the identity 

(G*g, k) - {g, G*k) = i(g(0+), *(0+)) - i(ff(0-), fc(0-)) 
= (Ti.g, T fc) - (T g, Tifc) 

holds for all g,k £ dom(G*). Moreover the mapping (To,ri) T is surjective. 
Indeed, for an element (h, h') € H-d x we choose g 6 domG* such that 

. 9 (0+) = ^={(-P Z5 Qm(i?) f„ D )Vi(-P fl 3m(fl) 



and 



5 (0-) = -L{-(-P D % m (D) \ HD )h-i(-P D Zm(D) \ Ho ) h'] 



V2l 

holds. Then a simple calculation shows Tog = /i, Tig — h' and therefore 
IIg = {T~£d, To, Ti} is a boundary triplet for G*. It is not difficult to check that 
the defect subspace Af\ = ker(G* — A) is 
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and hence we conclude that the Weyl function of Hg = {7i£>, Yo,Ti} is given 
by JsOJ}. □ 



Let Ad be the maximal dissipative extension of A in Sj from above and let 
G be the first order differential operator from Lemma ITT7T1 Clearly K := A © G 
is a densely defined closed simple symmetric operator in the separable Hilbert 
space 

^■.= Sj®L 2 {m,H D ) 

with equal finite deficiency indices n±(K) = n±{A) + n±(G) < oo and the 
adjoint is K* = A* © G* . The elements in dom(K*) = dom(A*) © dom(G*) 
will be written in the form / © g, f S dom(A*), g S dom(G*). In the next 
theorem we construct a self-adjoint extension K of _ftT in ^ which is a minimal 
self-adjoint dilation of the dissipative operator Ap in $)■ The construction is 
based on the idea of the coupling method from |25|. It is worth to mention 
that in the case of a (scalar) Sturm-Liouville operator with real potential and 
dissipative boundary condition our construction coincides with the one proposed 
by B.S. Pavlov [HOI, cf. Example 13.51 below . 

Theorem 3.2 Let A, II = {TL,Tq,Ti} and An be as in the beginning of this 
section, let G and Hq — {T^Dj Yo,Ti} be as in Lemma 13. II and K = A® G. 
Then 

[ p D r a f-r g = o, ) 

K = K*\\f®gedom (K*) : (1 - P D )(Ti - 3?e (D)T )f = 0, \ (3.4) 
[ PB(ri-3fJe( J D)r o )/ + T 1 g-0j 

is a minimal self-adjoint dilation of the maximal dissipative operator Ad, that 
is, for all A G C + 

p^k-xy 1 \ S) ={a d -\)- 1 

holds and the minimality condition M. — clospanKA' — A) _1 ,f) : A 6 C\K} is 
satisfied. Moreover o(K) = R. 

Proof. Let 7(0>K') and M(-),t(-) be the 7-fields and Weyl functions of the 
boundary triplets II = {H, T a , Ti} and Hq = {W-d, T , Ti}, respectively. Then 
it is straightforward to check that II = {H., To, Ti}, where 

r \ , ~ ._/r x -»e(i>)ro 



H:=H(BH D , r :=I^J and r i — Tl J> ( 3 - 5 ) 

isja boundary triplet for K* = A* © G* and the corresponding Weyl function 
M(-) and 7-field 7(-) are given by 

m _(M W -*.(m AeW (36) 

and 

7(A)=( 7( Q A) K ° A) ), A S C\R, (3.7) 
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respectively. Notice also that K := K* \ ker(r ) = A © Go holds. 

With respect to the decomposition H = ker(Sm (D)) © Hd © Ti-D of H (cf. 
we define the linear relation by 



:= 



(u,v,v) T 
(0,-W,w) 



u G ker(Sm (D), v,w^H D \ G C(W) 



(3.8) 



We leave it to the reader to check that is self-adjoint. Hence by Proposition ^. 21 
the operator = K* \ T^Q is a self-adjoint extension of the symmetric 
operator K — A® G in = fj © L 2 (M.,Hd) and one verifies without difficulty 
that this extension coincides with K from 

In order to calculate (K — A) -1 , A e 
position 

'm£(a) m5(a) 

m£(A) Mf 2 (A) 



if = A> 



, we use the block matrix decom- 



M(A)-3te (D) 



G [kBr(9fm (£»))© W D ] 



(3.9) 



of M(A) - 5Re (D) G [W]. Then the definition of 9 in (33 and (ESJ imply 

\ 



(e-M(A))- 



-M£(A)u-M^(A)t> 
-u;-M^(A)it-Mg(A)i; 
u> — t(A)w 
(u, v,d) t 



u 6 ker(3m (D) 
v, w G Hd 



/ 



and since every A G C\K belongs to p(if) fl p{K ), K = A © Go, it follows 
that (8 — M(A)) , A G C\R, is the graph of a bounded everywhere defined 
operator. In order to calculate (0 — M(A)) _1 in a more explicit form we set 



This yields 



x 

y 

z 



X 

y + z 



-MR(X)u- Mg(X)v, 
-w-Mg(X)u-Mg(X)v, 
w — t(\)v. 



MR{\) Mg(X) 
(A) Mg(X)+r(X) 



(3.10) 



and by l|3.3|l and (|3.9|l we have 



MR(X) Mg(X) 
M 2 ^ (A) Mg(X)+r(X) 



D — M(A), 
D* - M(A), 



A G C+, 
A G C_ 



(3.11) 



Hence for A G C + we find 



= (D-M(A)) 1 



x 

y + z 



which implies 



Q ={D- M(A)) Q + (Z? - M(A)) \ Hd z (3.12) 



1G 



and 

v = P D {D-M{\)Y 1 Q +P D (D-M(\)y 1 \ Hd z. (3.13) 

Therefore by inserting l|3.10|l . (|3.12l) and (|3.13|) into the above expression for 
(9 - M(A))" 1 wc obtain 

( ° M{X} > - [P D (D - M(A))- 1 P D (D - M (A))- 1 \nj (3 ' 14) 

for all A G C+ and by (|2.6|) the resolvent of the self-adjoint extension K admits 
the representation 

(K - Xy 1 = (K - A)" 1 + 7(A) (6 - MtA))- 1 ^)*, (3.15) 

A S C\M. It follows from K = A © G , E2J and (j3~14l) that for A G C+ the 
compressed resolvent of K onto is given by 

P„(K - X)' 1 r - (A - A)- 1 + 7 (A) (D - M(A)) _1 7 (A)*, 

where denotes the orthogonal projection in 8. onto ,f). Taking into account 
(|3.1[) we get 

P^K-X)' 1 \ft = {A D -X)-\ AgC+, 

and hence if is a self-adjoint dilation of Ap. Since <j{Gq) = M it follows from 
well-known perturbation results and l|3.15|l that cr{K) = K holds. 
It remains to show that K satisfies the minimality condition 

8. = S)®L 2 (W,H D ) = clospan{(^- A)" 1 ^ : A G C\R}. (3.16) 

First of all s-lim f ^ +oc (— it)(K— it)^ 1 = I& implies that 9) is a subset of the right 
hand side of (|3.16[) . The orthogonal projection in 8 onto L 2 (R, Hd) is denoted 
by P L 2. Then we conclude from (|3~7|) . l{3~l"4"|) and (f5~T5|> that for A G C + 

P L 2(K- X)' 1 r fi = v(X)P D (D - Af(A)) _1 7 (A)* (3.17) 

holds and this gives 

ran (P L 2 - A) _1 = ker(G* - A), A G C+. 

From (|3.11(1 it follows that similar to the matrix representation (|3.14(1 the left 
lower corner of (0-M(A)) _1 is given by P D (D* - M(X))^ 1 for A G C_. Hence, 
the analogon of l|3.17|l for A G C_ implies that 

ran (P L 2 (K - A)" 1 ^) = kcr(G* - A) 

is true for A G C_. Since by Lemma 13. II the symmetric operator G is simple it 
follows that 

L 2 (R,H D ) = clospan{ker(G* - A) : A G C\R} 
holds, cf. Section l2~Tl and therefore the minimality condition l|3.16(l holds. □ 
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Remark 3.3 We note that also in the case where the parameter D is not a 
dissipative matrix but a maximal dissipative relation in TL a minimal self-adjoint 
dilation of Ar> can be constructed in a similar way as in Theorem 13. 21 

Indeed, let A and II = {TL, To, Ti} be as in the beginning of this section and 
let D G C{TL) be a maximal dissipative relation in TL. Then D can be written as 
the direct orthogonal sum of a dissipative matrix D op in TL p := TL mul D and 
an undetermined part or "pure relation" Doo := {(°) : y £ mu\D}. It follows 
that 

B:=A* rr(-^{(°) :y£mu[D}=A* \T^D BO 

is a closed symmetric extension of A and {TL op ,Tq [dom(B*)> Pap^i tdomfs*)} is 
a boundary triplet for 

B* = A* \ {/ e dom(A*) : (1 - P op )F / = 0} 

with A* \ ker(ro) = B* \ ker(ro tdomfs*))' in terms of this boundary triplet the 
maximal dissipative extension A^ = r( _1 )£) coincides with the extension 

^-Dop = ^* ^ ^ er (^o p ri tdom(B«) —D op T tdom(S*)) 

corresponding to the operator part D op £ [H op ] of D. 

Remark 3.4 In the special case ker(QmD) = {0} the relations (|3.4fl take the 
form 

r o /-T o . 9 = and (Ti - 3?e (D)T )f + Tig = 0, 

so that if is a coupling of the self-adjoint operators Ao and Go corresponding 
to the coupling of the boundary triplets 11^ = {7i,r ,ri — ^He(D)T } and 
lie = {7i,To,Ti} in the sense of j2S]. In the case ker(SmD) ^ {0} another 
construction of K is based on the concept of boundary relations (see 

A minimal self-adjoint dilation K for a scalar Sturm-Liouville operator with 
a complex (dissipative) boundary condition has originally been constructed by 
B.S. Pavlov in |60| . For the scalar case (n = 1) the operator in (|3.2U|) in the 
following example coincides with the one in |60| . 

Example 3.5 Let Q+ £ Lj 1 (R+, [C n ]) be a matrix valued function such that 
Q+(-) = Q +(■)*, and let A be the usual minimal operator in ft = L 2 (IR + ,C") 

,2 

associated to the Sturm-Liouville differential expression — + Q+, 

A = -^ + Q+> dom(A) = { / e 2W+ : /(0) = /'(0) = 0}, 
where 2? max ,+ is the maximal domain defined by 
2W+ = { / S L 2 (K+ , C") : /, /' G AC(R+ , C") , -/" + Q+f e L 2 (R+ , C") } . 

,2 

It is well known that the adjoint operator A* is given by A* = — -^z + Q+, 
dom(A*) =2? max ,+. 
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In the following we assume that the limit point case prevails at +00, so that 
the deficiency indices n±(A) of A are both equal to n. In this case a boundary 
triplet n = {C", r , rj for A* is 

r /:=/(0), IV :=/'(()), / €dom(A*)=V max>+ . (3.18) 

For any dissipative matrix D G [C n ] we consider the (maximal) dissipative 
extension Ad of A determined by 

A D = A* fker(ri - DT ), 3mD<0. (3.19) 

(a) First suppose G p(3m D). Then Hd = C n and by Theorem 13.21 and 
Remark |3.4I the (minimal) self-adjoint dilation K of the operator Ad is a self- 
adjoint operator in M = L 2 (M+, C") © L 2 (K, C n ) defined by 

KU®g) = (-f" + Q+f)®-ig', 

(f€V max ,+,geWi{R-,C n )®W}{R + ,C n )) (3 20) 

dom(iT)=^ /'(0) - D/(0) = -i(-23?mZ?) 1 / 2 5 (0-), ' 

(b) Let now ker(3m£>) 7^ {0}, so that H D = ran (3m D) = C k ^ C n . Accord- 
ing to Theorem l3.2l the (minimal) self-adjoint dilation K of the operator in 
SI = L 2 {R + ,C n ) © L 2 (R, C k ) is defined by 

K(f ®g)= (-/" + © - V, 

/ G 2W+, 9 G V^(K_, C fc ) © W^R+.C*) 
P^[f (0) - £>/(0)] = -i(-2P D Q?m(D) twj^o-), 
Pd[/'(0) - D*/(0)] - -z(-2P D 3m(P) J 1/2 <?(0+), 
f(0)-Re(P>)/(0) G H D 



dom (if) = 



3.2 Dilations and dissipative scattering systems 

Let, as in the previous section, A be a densely defined closed simple symmetric 
operator in Sj with equal finite deficiency indices and let II = {H.,ro,Ti} be a 
boundary triplet for A* , Aq = A* \ kerTo, with corresponding Weyl function 
M(-). Let D G [H] be a dissipative matrix and let A D = A* \ ker(ri - DT ) 
be the corresponding maximal dissipative extension in F>. Since C+ 3 A 1— > 
M(X) — D is a Nevanlinna function the limits 

M(X + iO)-D= lim Q M(A + iO) - D 

and 

7V D (A + i0) = lim 7V D (A + ie) = lim (P - M(A + ie)) ~* 

exist for a.e. A G R. We denote these sets of real points A by E M and Y, Nd . 
Then we have 

N D (X + iO) = (P/-M(A-M0))~\ AeE^nE^, (3.21) 
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cf. Section 12.31 Let G be the symmetric first order differential operator in 
L 2 (R,Hd) and let Hq = {Wd, To, Ti} be the boundary triplet from Lemma l3.fl 
Then Go = G* \ ker(To) is the usual self-adjoint differentiation operator in 
L 2 (R, Hd) and K = A © G is self-adjoint in K = ft © L 2 (R, Hd)- In the next 
theorem we consider the complete scattering system {K,Kq}, where K is the 
minimal self-adjoint dilation of Ad in A from Theorem 13. 21 

Theorem 3.6 Let A, LT = {H,Lo,Li} , M(-) and Ad be as above and define 
Hjfa), A € £ M , as in (|2.8|) . Lei A'o = Ao © Go and Ze£ if &e i/ie minimal 
self-adjoint dilation of Ad from Theorem 13. 21 Then the following holds. 

(i) Kq c = Aq c © Go is unitarily equivalent to the multiplication operator with 
the free variable in L 2 (R, d\,HM(\) © Hd). 

(ii) In L 2 (R, dX, Hm{\) © Hd) i/ie scattering matrix {5(A)} of the complete 
scattering system {K,Kq} is given by 

/or a// A € S M n Z Nd , where 

?u(A) = P M( A)V3ni(M(A))(£> - M(A)) - V»nr(M(A)) f^, 
f 12 (A) = P M(A)A /3m(M(A))(£> - M(A))~V-^m(D) \n D , 
?2i(A) = Pd V-3m (D)(£> - Af (A)) " V^m (M(A)) ^ 



l-M(A) 



T 22 (A) = Jb^-SSm (£>)(£> - M(A)) V-^W t« D 

and M(A) = M(A + iO). 

Proof. Let if = A © G and let LT = {H © Hd,L ,Li} be the boundary 
triplet for K* from l|3.5|l . Notice that since A and G are densely defined closed 
simple symmetric operators also if is a densely defined closed simple symmetric 
operator. Recall that for A € C+ the Weyl function of LT = {H © Hd, Lo, Li} is 
given by 

V -tP D %m(D) \ Hd J 

Then Theorem 12 .41 implies that 

L 2 (R, dA,H^ A j), H^ A ) = Hm(a) ® Hd, A<e£ m , 

performs a spectral representation of the absolutely continuous part 

K$ C = K \dom(K )n8. ac (K ) 

= A © G r (dom (A ) n *3 ac (A )) © L 2 (M, Hd) = Ag c © G 
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of Kq such that the scattering matrix {5(A)} of the scattering system {K,Kg} 
is given by 

S(X) = I H ~ 

(3.23) 

+ 2zP Ff(A) ^m(M(\)) (0 - M(A)) _1 y^m (M(A)) \n Uw 

for all A 6 Yi M HE^ , where P^^x) an d tw s x . are the projection and restriction 
in 7Y = H © 7Yd onto Ti-^^y Here 9 is the self-adjoint relation from l|3.8|l and 
the function is defined analogously to 12. 9|) and 

N § (\ + £0) = (6 - M(A + i0)) _1 

holds for all AeE 5 n S^e, c f. JOU- 
By <jX2lj) we have 



, — r7~ /V^niTMYA + iO)) \ 

for all A G S Ff = £ M and (|3~TI|) yields 

rft-flTa + imr 1 - f (-D - M(x + £0)) _1 (d- a^a + zO))- 1 \ Hd 

(U M^ + zujj - ^p D (£)_ MiX + iO))- 1 PoiD-MtX + iQ))- 1 \ Hl 

for A G £ M n S N e. It follows that the sets S M n E^e and E M n E^, see 
<|3.21[1 . coincide and by inserting the above expressions into (|3.23|l we conclude 
that for each A G S M n E Wd the scattering matrix {5(A)} is a two-by-two block 
operator matrix with respect to the decomposition 

with the entries from assertion (ii). □ 



Remark 3.7 It is worth to note that the scattering matrix {5(A)} of the scat- 
tering system {K, Kq} in Theorem l3 . (jl depends only on the dissipative matrix D 
and the Weyl function M (•) of the boundary triplet II = {H, T , Ti} for A*. In 
other words, the scattering matrix {5(A)} is completely determined by objects 
corresponding to the operators A, Aq and Ad in $j. 

Let An and Ao be as in the beginning of this section. In the following we 
will focus on the so-called dissipative scattering system {Ajj,Aq} and we refer 
the reader to [12 HH1 EH E2 IS31 E31 EH EH1 E3 for a detailed investigation of 
such scattering systems. We recall only that the wave operators W±(Ad,Ao) 
of the dissipative scattering system {Ad, Aq} are defined by 

W+{A D ,A ) = s- lim e ttA °e- ltAo P ac (A ) 
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and 



W-(A D ,A )= s- lim e- itAD e* tAo P ac (A ), 

t — >+oo 



where e~ itAo := s-lim„^ co (l + ~ A D ) ™, see e.g. gSJ §IX]. The scattering 
operator 

S D := W+{A Dl A )*W-(A D , A ) 

of the dissipative scattering system {^4£>, A)} wm be regarded as an operator 
in Sj ac (Ao). Then Sd is a contraction which in general is not unitary. Since Sd 
and Aq c commute it follows that Sd is unitarily equivalent to a multiplication 
operator induced by a family {5d(A)} of contractive operators in a spectral 
representation of Aq°. 

With the help of Theorem 13.61 we obtain a representation of the scatter- 
ing matrix of the dissipative scattering system {An, Aq} in terms of the Weyl 
function M(-) of II = {Tt,To,Ti} in the following corollary, cf. Theorem 12.41 

Corollary 3.8 Let A. U = {H, T , TJ, A = A* \ ker(T ), M(-) and A D be as 
above and define H.m(\), A G S , as in (|2.8|) . Then the following holds. 

(i) Aq c is unitarily equivalent to the multiplication operator with the free vari- 
able in L 2 (R,d\,TiM(\))- 

(ii) In L 2 (M.,dX,H.M(\)) the scattering matrix {«Sd(A)} of the dissipative scat- 
tering system {Ad,Aq} is given by 

S D (X) = In MW +2iP MWX /%m(M(\)){D - M(A)) " V»m (M(A)) \n M{x} 

for all A € E M n E Nd , where M (A) = M(A + iO). 

Proof. Let K be the minimal self-adjoint dilation of Ad from Theorem 13.21 
Since for t > we have 

r S = s- lim P a (l + f^)"" ts= s- lim (l + f ^)" n = e" iMD 

it follows that the wave operators W + ^4o) an d W-(Ad 5 -<4-o) coincide with 

P fl W+(X,X ) b= s- lim P^e- itK °P ac {K ) \ n 

f. — itj4o r> ac ( 



and 



s- lim P^e ltK \z e' ltJio P ac (A ) 



P a W_(Jf,lfo) b = s- lim Pze itK e- itK °P ac (K ) \ fi 



t — > — oo 

S- 



lim P^** ^ e itAo P ac (A ), 

t — >-(-oo 



respectively. This implies that the scattering operator Sd coincides with the 
compression P^ ac ^ ^S{K , Kq) \sja"(A ) °f the scattering operator S(K,Kq) 
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onto $) ac (Ao). Therefore the scattering matrix 5b(A) of the dissipative scat- 
tering system is given by the upper left corner 

{/ WMW +2if n (A)}, A £ S M n S Wd , 

of the scattering matrix {5(A)} of the scattering system {K,K }, see Theo- 
rem ESI □ 



3.3 Lax-Phillips scattering systems 

Let again A, U = {H,T ,Ti}, {A D ,A } and G, Go, n G = {Wd,T ,Ti} be as 
in the previous subsections. In Corollary 13.81 we have shown that the scattering 
matrix of the dissipative scattering system {Ad, Aq\ is the left upper corner in 
the block operator matrix representation of the scattering matrix {S'(A)} of the 
scattering system {K,Kq}, where K is a minimal self-adjoint dilation of Ajj in 
£ = Sj © L 2 (R, H D ) and K = A Q © G , cf. Theorem 131)1 

In the following we are going to interpret the right lower corner of {.S'(A)} 
as the scattering matrix corresponding to a Lax-Phillips scattering system, see 
e.g. 13, 49 for further details. To this end we decompose the space L 2 (R,Hd) 
into the orthogonal sum of the subspaces 

£>_ :=L 2 (R-,H D ) and V+ := L 2 (R+, H D ). (3.24) 

Then clearly & = Sj © D_ © T> + and we agree to denote the elements in & in the 
form / © 5 _ © g + , f £ ft, g± £ V± and g = g„@g+£ L 2 {R,H D ). By J+ and 
J_ we denote the operators 

J + : L 2 (R,Hd) — * 3^0©0ffig+, 

and 

J- : L 2 {R,H D ) -> .g^0ffi 5 _ffi0, 

respectively. Notice that J+ + J_ is the embedding of L 2 (R,Hd) into .ft. In 
the next lemma we show that T> + and T>_ are so-called outgoing and incoming 
subspaces for the self-adjoint dilation if in .ft. 

Lemma 3.9 Let K be the self-adjoint operator from Theorem \'S.'2[ letT>± be as 
in <|3.24[1 and Aq — A* \ ker(ro) be as above. Then 

e- itk CV±, teR±, and p| e- ltk V± = {0}, 

teR 

and, if in addition o-(Aq) is singular, then 



(J e~ itK V+ = (J e - itif T>_ = i^ ac (X). (3.25) 

tea teR 
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Proof. Let us first show that 

e -itK ^ v± = J±e -itG ^ p±j teR±, (3.26) 

holds. In fact, since e~ ltGo is the right shift group we have 

e- ltGo (dom(G) n£>±) C dom(G) nX>±, i € R±, 

where dom (G) n X>± = {W 1,2 (R, Hd) ■ f(x) =0,i£ R±}. Let us fix some 
t G R± and denote the symmetric operator A © G by K. Since 

J± (dom (G) n X>±) C dom {K) C dom (if) 

the function 

/t,±(«) := e^-^^Jie-** 00 b± /±, sel±, /± G dom(G) n P±, 
is differentiable and 

^ftMs)^^ s - t ^(K-O f ,®Go)J±e- isGo r©±/±=0, t€R±, 

holds. Hence we have /t,±(0) = ft,±(t) and together with the observation that 
the set dom (G) (~1 2?± is dense in T>± this immediately implies lj3.2f>|l . Then we 
obtain e~ ttK V± CV±,teR± and 

p| e- uR V± C p| e -«%> ± = p J ±e - ltGo I? ± = {0}. 

tern. teM± teR ± 

Let us show (|3.25[1 . Since A has finite deficiency indices the wave operators 
W±(K, A Q © G ) exist and are complete, i.e., ran (W±(K, A © G )) = & ac {K) 
holds. Since A Q is singular we have 

W±(K, A © Go) = s- Km e uk {J+ + J_) e - JtG ° \& 

t — '±00 

and it follows from (|3~2fi|) that W±(K,A © G )/± = f± for f± G X>±, so 
that in particular X> ± and e~ itG °V± G & ac (iT) for i G R±. Assume now that 
g G L 2 (R, 7Yd) vanishes identically on some open interval (—00, a). Then for 
r > sufficiently large e~ trG °g € 2?+ and by l|3.26[l for t > r 

e itk (J+ + J_)e- l( *- r)Go e- irGo 5 = e lrk J + e~ lrGo g. 

Since the elements g G L 2 (R, 7i_o) which vanish on intervals (—00, a) form a 
dense set in L 2 (R, Hd) and the wave operator W + (K 7 A © Go) is complete we 
conclude that 

(J e lrK V+ (3.27) 

rGR+ 
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is a dense set in & ac (K). A similar argument shows that the set l|3.27l) with 
M. + and T> + replaced by R_ and X>_, respectively, is also dense in & ac (K). This 
implies dX2H). □ 

According to Lemma l3~§l the system {K, 2?_ , T> + } is a Lax-Phillips scattering 
system and in particular the Lax-Phillips wave operators 

n± := s- lim e ltk J±e- UGo : L 2 (M.,H D ) -> R 
t — >±oo 

exist, cf. [T3J. We note that sdimt_» = | ;00 J T e~' ltGo = and therefore the re- 
strictions of the wave operators W±{K, Kq) of the scattering system {K,Kq}, 
K = A ®G Q , onto L 2 (R,H D ), 

W±(K,K ) \ L 2= s- lim e ltk {J+ + J^)e- UG °, 

t — >±oo 

coincide with the Lax-Phillips wave operators Q± . Hence the Lax-Phillips scat- 
tering operator S LP := £7!j_f2_ admits the representation 



P L 2S(K,K Q ) ] L 2 



where S(K,K ) = W + (K , K )*W~(K , K Q ) is the scattering operator of the 
scattering system {K,Kq}. The Lax-Phillips scattering operator S LP is a con- 
traction in L 2 (M.,'Hd) and commutes with the self-adjoint differential operator 
Go- Hence S LP is unitarily equivalent to a multiplication operator induced by 
a family {S LP (X)} of contractive operators in i 2 (R, He), this family is called 
the Lax-Phillips scattering matrix. 

The above considerations together with Theorem 13 . 61 immediately imply the 
following corollary on the representation of the Lax-Phillips scattering matrix. 

Corollary 3.10 Let {K,T>-,T> + } be the Lax-Phillips scattering system consid- 
ered in Lemma \'6.9\ and let A, H = {H.,Tq,Ti} , Ad, M(-) and Go be as in the 
previous subsections. Then Go = Gq c is unitarily equivalent to the multipli- 
cation operator with the free variable in L 2 (M.,Ti.rj) = L 2 (M.,d\,H.E>) and the 
Lax-Phillips scattering matrix {S LP (X)} admits the representation 



S LP (X) = I Hd + 2iP D ^/tsm(-D)(D - M(A)) W^m(-D) \ Hd (3.28) 

for A G S M n Z N ° , where M (A) = M(A + iO). 

Let again Ad be the maximal dissipative extension of A corresponding to 
the maximal dissipative matrix D E [H] and let Tin = ran (3m (D)). By [2U 
the characteristic function Wa d of the completely non-self-adjoint part of Ad 
is given by 

W Ad : C_ - [H D ] / 

(3 29) 
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Comparing l|3.28[) and l|3.29[) we obtain the famous relation between the Lax- 
Phillips scattering matrix and the characteristic function found by Adamyan and 
Arov in H3 H © . 

Corollary 3.11 Let the assumption be as in Corollary 13.101 Then the Lax- 
Phillips scattering matrix {S LP (X)} and the characteristic function Wa d of the 
maximal dissipative operator are related by 

s LP (\) = w AD (\~ioy, xeE M nT, No . 

Next we consider the special case that the spectrum a(Ag) of the self- adjoint 
extension A = A* \ ker(r ) is purely singular, fy ac (A ) — {0}. As usual let 
M(-) be the Weyl function corresponding to II = {H,T ,Ti}, Then we have 
H M (\) = ran(3m(M(A + i0))) = {0} for a.e. A G £ M , cf. [Ej, and if even 
ct(A ) = o- p(Ao) the n H M (\) = {0} for all A € £ M . Therefore Theorem EE] and 
Corollaries 13 . 1 01 and 13.111 imply the following statement. 

Corollary 3.12 Let the assumption be as in Corollary 13. 101 let Kq = Aq © Go 

and assume in addition that o~(Aq) is purely singular. Then the scattering matrix 
{5(A)} of the complete scattering system {K, Kq} coincides with the Lax-Phillips 
scattering matrix {S LP (X)} of the Lax-Phillips scattering system {K, X>_,X>_|_}, 
that is, 

5(A) = S LP (X) = W Ad (A - iO)* (3.30) 
for a.e. X € R. If even a (A ) = o- p (A a ), then (l3~37)|) holds for all X G ^"nS* . 



3.4 A dissipative Schrodinger-Poisson system 

In this subsection we consider an open quantum system consisting of a self- 
adjoint and a maximal dissipative extension of a symmetric regular Sturm- 
Liouville differential operator. Such maximal dissipative operators or pseudo- 
Hamiltonians are used in the description of carrier transport in semi-conductors, 

see e.g. EI El E3 113 El EH 

Assume that — oo < xi < x r < oo and let V G L°°((xi,x r )) be a real valued 
function. Moreover let m G L°°((xi,x r )) be a real function such that m > 
and mT 1 G L°°((xi,x r )). It is well-known that 

W)(x) := + V(x)f(x), 

2 dx m(x) dx 

r f,ye wi((x h x r )) 

dom (A) :={fe L 2 (( Xl ,x r )) : f(x t ) = f(x r ) = 

I (£/0(*0 = (£/0(*r)=0 

is a densely defined closed simple symmetric operator in the Hilbert space $j := 
L 2 ((xi,x r j). The deficiency indices of A are n+(A) = n-(A) = 2 and the adjoint 
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operator A* is given by 

{A*f){x) = -l±J—±f{x) + V(x)f(x), 
2 ax m(xj ax 

dom(A*) = {/ eSj : f, -f € ^((x/,^))) • 
It is straightforward to verify that II = {C 2 ,ro,ri}, where 

/ G dom (A*), is a boundary triplet for A* . Notice that the self-adjoint extension 
Aq = A* f ker(To) corresponds to Dirichlet boundary conditions, that is, 

dom(A ) = {/ e Sj : /, € ^((xi,^)), /(a;,) = /(av) = J . 

It is well known that ^4o is semibounded from below and that cf(Aq) consists 
of eigenvalues accumulating to +00. As usual we denote the Weyl function 
corresponding to II = {C 2 , To, Ti} by M(-). Here M(-) is a two-by-two matrix- 
valued function which has poles at the eigenvalues of Aq and in particular we 
have 

H M (X) = ran (3m (M(A))) = {0} for all A e S M . (3.32) 

If (p\,ip\ G L 2 ((xi, x r )) are fundamental solutions of — 1(— /') + Vf = Xf 
satisfying the boundary conditions 

Vx(x l ) = l, (±<p' x )(x l )=0, M*i) = 0, (~$0fo) = l> (3-33) 
then M can be written as 

M<A > " {~ V f r) -(±*)C*>)' Ae ^°>' ( " 4) 

We are interested in maximal dissipative extensions 

A D = A*\ ker(Ti - DT ) 
of A where D £ [C 2 ] has the special form 

D = _° \ , 9fm(«/) > 0, 3m( Kr ) > 0. (3.35) 

Of course, if both ki and K r are real constants then "Hd — ran (3m (D)) = {0} 
and is self-adjoint. In this case Ap can be identified with the self-adjoint 
dilation K acting in ft © L 2 (M, {0})=^, cf. Theorem EHl 
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Let us first consider the situation where both ki and K r have positive imag- 
inary parts. Then Hd — C 2 and the self-adjoint dilation K from Theorem 13.21 
is given by 



AomK 



K(f ffi S _ffi g+) = (-§(£/')' + Vf) © © -ig' + , 

f,-kf eW2{{xi,x r )), . r o /-T o .g = 0, 

ff± e ^(Ki.C 2 ) ' (Ti - 3?e (£>)r ) / + T lS - 



Here IIg = {C 2 , To, Ti} is the boundary triplet for first order differential opera- 
tor G C G* in L 2 (R, C 2 ) from Lemma l3~Tl and we have decomposed the elements 
/ © g in f) © L 2 (R, C 2 ) as agreed in the beginning of Section 0751 Let us set 

»- <o ->= M - d - (o+ >=ft ( <°o+> 

Then a straightforward calculation using the definitions of II = {C 2 ,ro,ri} 
and rig = {C 2 ,To,Ti} in (|3.31() and Lemma f3. II respectively, shows that an 
element / © g- © g+ belongs to dom (K) if and only if 



(ctf')( x l) + = -*V23m( Ki )3i(0+) 

(2^/') ( x r) ~ K rf( x r) = iy/2$sm(K r )g r (0-) 
i^f')( x r) -~Krf( x r) = i\/2^m(K r )g r (0+) 

holds. We note that this dilation K is isomorph in the sense of [361 Section 1.4] 
to those used in [TJl U21 E3 E3 

Theorem 13.61 and the fact that a(A ) is singular (cf. (|3.32|) ') imply that the 
scattering matrix {5(A)} of the scattering system {K,K }, K = A © Go, 
coincides with 



5 ip (A) = I C 2 + 2iy/-$Sm(D)(D - M(A)) y/-$Sm(D) e [C 2 ] 

for all A £ a p (A )nR, where M(A) = M(\ + iO) (cf. Corollary E~j2J. By $T3ty 
here y'-Sm (D) is a diagonal matrix with entries a/Shi (k;) and \/9m («v). We 
leave it to the reader to compute 5 LP (A) explicitcly in terms of the fundamental 
solutions ip\ and ijjx in l|3.33(l . According to Corollary 13. 1 II the continuation 
of the characteristic function Wa d of the completely non-self-adjoint pseudo- 
Hamiltonian Ad from C_ to R\{<r p (Ao)} coincides with 5 ip (A)*, 

W Ad (X - iO) = I& - 2iy/-S$m(D)(D* - M(A)) _1 x/-%m (D) = 5 ip (A)*. 

Next we consider briefly the case where one of the entries of I? in i|3.35[) is 
real. Assume e.g. m £ R. In this case Hd = C={0} © C, Pd is the orthogonal 
projection onto the second component in C 2 and G is a first order differential 
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operator in L 2 (R, C). The self-adjoint dilation K is 

K(f®g-®g+) = H (£/')' ' + Vf)®-ig'_®-ig'+, 

[ f ±f> e W 1 ((x, x )) p D^of - T .g = 0, 1 

I S±€ ^ (R± ' C) P D (T l -ne(D)r o )f + T ig = 0j 

and explicitely this means that an element f Q> g~ ® g+ belongs to dom (K) if 
and only if 

(2^/) ( x r) -K r f(x r ) = iv / 23m(K r ).g + (0+) 
(ttf) M ~ K rf(x r ) = iy/2$sm(K r )g-(Q-) 
{^f)\x l ) + n l f(x l ) = 

holds. The scattering matrix of {K,Kq} is given by 

S LP (X) = I Hd + 2i$m(K r )P D (D - A/(A)) _1 \ Hd , A e £ M , 

which is now a scalar function, and is related to the characteristic function of 
the maximal dissipative operator A D by S LP (X) — Wa d {X — i0)* . 



4 Energy dependent scattering systems 

In this section we consider families {A_ T rx)> A } of scattering systems, where 
r(-) is a matrix Nevanlinna function and {A_ T ^} is a family of maximal dissi- 
pative extensions of a symmetric operator A with finite deficiency indices. Such 
scattering systems arise naturally in the description of open quantum systems, 
see e.g. Section 14.41 where a simple model of a so-called quantum transmit- 
ting Schrodinger-Poisson system is described. Following ideas in [25] (see also 
[£31213 ED EDI EH) the family {A_ r(A) } is "linearized" in an abstract way, that 
is, we construct a self-adjoint extension L of A which acts in a larger Hilbert 
space ft © and satisfies 

F fl (Z-A)" 1 r fl =(A_ T(A) -A)" 1 , 

so that, roughly speaking, the open quantum system is embedded into a closed 
system. The corresponding Hamiltonian L is semibounded if and only if Aq is 
semibounded and r(-) is holomorphic on some interval (—00,77). The essential 
observation here is that the scattering matrix of {L, Lq}, where Lq is the direct 
orthogonal sum of Aq and a self-adjoint operator connected with r(-), pointwise 
coincides with the scattering matrix of a scattering system {K, Kq} as investi- 
gated in the previous section. From a physical point of view this in particular 
justifies the use of quasi-Hamiltonians K for the analysis of scattering processes 
in suitable small energy ranges. 
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4.1 The Straus family and its characteristic functions 

Let A be a densely defined closed simple symmetric operator in the separable 
Hilbert space with equal finite deficiency indices n±(A) — n < oo and let 
II = {7i,ro,ri} be a boundary triplet for A*. Assume that r(-) is an [Ttj- 
valued Nevanlinna function and consider the family {A_ T (x)}, 

A_ T(A) := A* r ker(rx + t(X)T ), A e C+, 

of closed extension of A. Sometimes it is convenient to consider A_ T (x) f° r a U 
A € f)(i~), that is, for all A € C\R and all real points A where r is holomorphic, cf. 
Section l2~2l Since Smr(A) > for A e C+ it follows that each A_ T (\\, A S C+, 
is a maximal dissipative extension of A in f). The family {A_ T ( A )},\ g c + is called 
the Straus family of A associated with r (cf. |59| and e.g. |241 Section 3.3]) and 
for brevity we shall often call {^4-t(A)} simply Straus family. 

Since TL is finite dimensional Fatous theorem (see |33l I38| ) implies that the 
limit t(A + iO) = lim e ^ + o t(A + ie) from the upper half-plane exists for a.e. 
A € R. As in Section 12.31 we denote set of real points A where this limit exists 
by S T . If there is no danger of confusion we will usually write r(A) instead of 
r(\ + iO) for A £ E r . Obviously, the Lebesgue measure of R\S T is zero. Hence 
the Straus family {A_ T (\}}\£C + admits a continuation to C+ U S T which is also 
denoted by {A_ T ( A j}, A e C + U S T . We remark that in the case 3m (r(A)) = 
for some A G C+ U Y7 the maximal dissipative operator A_ T r\\ is self-adjoint. 

Let M(-) be the Weyl function of the boundary triplet LT = {H,rQ,Ti}. 
Then M(-) is an [7i]-valued Nevanlinna function and Qm (M(A)) is strictly pos- 
itive for A € C+. Therefore 

7V_ r(A) (A) :=-(T(X)+M(X)y\ AeC+, 

is a well-defined Nevanlinna function, see also (|2.9() . The set of all real A where 
the limit 

N_ T(x+l0) (\ + iO) = lim -(r(A + ie) + Af(A + ie)) _1 

e— >+0 

exists will for brevity be denoted by H N . Furthermore, for fixed A G S T we 
define an [7i]-valued Nevanlinna function Q_ t (a)(') by 

Q_ TW (fi):=-(r(X) + M(n)y\ ^ e C+, (4.1) 
and denote by E^* the set of all real points /i where the limit 

Q-r(x) (ji + »0) = ^Hm Q_ T(A) (/i + ie) (4.2) 

exists. Notice that the complements M\E Ar and R\E'3 A are of Lebesgue measure 
zero. The next lemma will be used in Section 14.31 

Lemma 4.1 Let A, LI = {H,Tq,Ti} , M(-) and r(-) be as above. Then the 
following assertions (i)-(iii) are true. 
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(i) If X £ S T and fi £ E M PI S^ A , then the operator r(A) + M{fi) is invertible 
and 

(r(A) +M(/i)) _1 = e Hm o (r(A) + M(// + ie))" 1 . (4.3) 

(ii) If X £ Y7 n S M H S^, i/ien i/ie operator t(A) + Af(A) is invertible and 

{t{X)+M{X)Y 1 = lim o (T(X + ie)+M{X + ie))~\ (4.4) 

(iii) If X £ S T H S M n E*, tfien A S E Qa and 

(r(A) +M(A)) _1 = Um o (r(A) + M(A + ie))~\ (4.5) 

Proof, (i) If A £ S r , fi£ £ M , thenlim 6 ^ +0 (r(A)+M(/i + ie)) =r(A) + M(^). 
Since 

(r(A)+M(// + ie))Q_ T(A) (M + ie) = Q_ t(a) 0u + «e)(r(A) +M(/z + ie)) = -/« 
for all e > 0, we get 

-/„ = (r(A) +M( M ))Q_ T(A) ( M ) = Q_ r(A) (/i)(r(A)+M(/i)) 

for A S E r and /i £ E M n E Qa which proves fOll . 

(ii) For A e E T n E M clearly 

lim o (r(A + £e) + M(A + £e)) = r(A) + M(A) 

exists. Since (r(A) + M(A))iV_ r(A) (A) = AT_ t(a) (A) (r(A) + M(A)) = -I« for all 
A € C+ we have 

-In = (t(X)+M(X))N_ t(x) (X) = N_ tW (X)(t(X)+M(X)) 

for A £ S r n S M n S w which verifies JOJ. 

(iii) Let A £ S T PI S M n T, N . Let us show that A £ £ Q *, i.e., we have to 
show that lim e ^ +0 (r(A) + M(X + ie)) -1 exists. Since r(A) + M(A) is boundedly 
invertible and r(A) + M(X + ie), e > 0, converges in the operator norm to 
r(A) + M(A) the family {(r(A) + Af(A + ie)) _1 } £ >o is uniformly bounded. Using 

(r(A) + M (A + ie))' 1 - (r(A) + M(A))" 1 

= - (r(A) + M(A + ie)) _1 (M(A + ie) - M (A)) (r(A) + M(A)) _1 , e > 0, 

one obtains the existence of lim e ^ + o(r(A) + M(X + ie)) -1 and (|4.5|l . □ 

Let A, II = {7i,ro,ri} and M(-) be as in the beginning of this section and 
let as above r(-) be a matrix Nevanlinna function with values in \H\. For 
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each maximal dissipative operator from the Straus family {A_ T (A)}AeC + the 
characteristic function Wa_ t(x) is given by 

W A _ rW : C_ - [H T(X) ] (4.6) 
M^^ T(A) +2 i P T(A) V3m(r(A))(r(A)*+M( M ))-V3m(r(A)) 

(see and I3.29[l ). where we have used TL T (\) = ran (3m (t(A))), A G £ r , 
and denoted the projection and restriction onto 7~i T (\) by P T (\) and tw T (j,i > 
respectively. 

If we regard the Straus family {A_ T ( X )} on the larger set C + U £ T , then 
for A G X T the characteristic function Wa_ t(x) (-) is defined as in i|4.(j[l . Notice 
that in the case 3m (t(A)) = for A G E r the characteristic function of the 
self-adjoint extension A_ T ^ of A is the identity operator on the trivial space 
K t (a) = {0}. Since the characteristic functions W A _ r(x) (-), A S C+ U £ T , are 
contractive [7i r (A)] -valued functions in the lower half-plane, the limits 

Wa_ tW (p - *0) = e lim Q W a _ tW (p - ie) 

exist for a.e. fj, € M, cf. (3^1 ■ The next proposition is a simple consequence of 
Lemma 14. II 

Proposition 4.2 Let A, H — {H.,To,ri} and M(-) 6e as above and let r(-) be 
an [H] -valued Nevanlinna function. Let {^4- T (A)}AeC+uS T i>e the Straus family 
of maximal dissipative extensions of A and let Wa_ t{x) {-) be the corresponding 
characteristic functions. Then the following holds. 

(i) If A G S r and /i G S M D , f/ien i/ie limit Wa_ t{x) {ft — *0) exists and 

^ w +2^(A)^m(r(A))(r(A)* +M( /1 )*)-V3m(r(A)) • 

(ii) J/ A G S T n S M n E^, i/ien i/ie Zirroi Wa_ t(J0 (A - iO) exists and 

7 Wt(a) +2 i P T(A)v /Qm(r(A))(r(A)* +Af(A)*)-V»n 1 (r(A)) ^ w . 

4.2 Coupling of symmetric operators and coupled scatter- 
ing systems 

Let, as in the previous subsection A be a densely defined closed simple symmetric 
operator in ¥) with equal finite deficiency indices and let II = {Ti^^^Ti} be a 
boundary triplet for A* with corresponding Weyl function M(-). Let r(-) be an 
[7i]-valued Nevanlinna function and assume in addition that r can be realized as 
the Weyl function corresponding to a densely defined closed simple symmetric 
operator T in some separable Hilbert space <3 and a suitable boundary triplet 
Ht = {T~t, Tq, Ti} for T*. It is worth to note that the Nevanlinna function r(-) 
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has this property if and only if 3m(r(A)) is invertible for some (and hence for 
all) A <E C+ and 

lim —(r{iy)h,fi) =0 and lim y Ota (r(ij/)/i, h) =00 (4-7) 
hold for all h £ "H, h ^ 0, (see e.g. O Corollary 2.5 and Corollary 2.6] and 

HUEi]). 

In the following the function — r(-) and the Straus family 

il_ T(A) =A < riBir(r 1 +r(A)ro) (4.8) 

are in a certain sense the counterparts of the dissipative matrix D £ [H] and 
the corresponding maximal dissipative extension Ajy from Section f3.ll Similarly 
to Theorem 13.21 we construct an "energy dependent dilation" in Theorem 14.31 
below, that is, we find a self-adjoint operator L such that 

holds. 

First we fix a separable Hilbcrt space (5, a densely defined closed simple 
symmetric operator T £ C(<&) and a boundary triplet IIt = {H, To, Ti} for T* 
such that t(-) is the corresponding Weyl function. We note that T and are 
unique up to unitary equivalence and the resolvent set p(T ) of the self-adjoint 
operator T :— T* f ker(T ) coincides with the set E)(r) of points of holomorphy 
of r, cf. Section l2~2l Since the deficiency indices of T are n+(T) = n_(T) = n 
it follows that 

L := A®T, dom L = dom A © domT, 

is a densely defined closed simple symmetric operator in the separable Hilbert 
space £ := f) (5 with deficiency indices n±(L) = n±(A) + n±(T) = 2n. 

The following theorem has originally been proved in |25l § 5]. For the sake 
of completeness we present another proof that differs from the original one, cf. 

M 

Theorem 4.3 Let A, II = {H, T a , Fx}, M(-) and r(-) be as above, let T be a 
densely defined closed simple symmetric operator in and Tlx = {7i,To,Ti} 
be a boundary triplet for T* with Weyl function r(-). Then 

L = L*r{/®<?edom(X*): p"/ + x"g = }' (49) 
is a self-adjoint operator in £ such that 

p^l-xy 1 r*= (4_ T(A) -A) _1 

Zio/iis /or aZZ A €E p{A$) D f)(r) PI f)(— (M + t) _1 ) and £/ie minimality condition 

£ = clospan{(Z — X) 1 ^ : A € C\R} 

is satisfied. Moreover, L is semibounded from below if and only if Aq is semi- 
bounded from below and (—00,77) C f)(r) /or some ?y £ M. 
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Proof. It is easy to see that II = {H © H, T , Ti}, where T := (r , T ) T and 
f i := (Ti, Ti) T , is a boundary triplet for L* = A*®T*. If and v(-) denote 
the 7-helds of II = {H,r ,ri} and II^ = {H, T ,Ti}, respectively, then the 
7-field 7 and Weyl function M of II = {H © Ti, r , Ti} are given by 

A 6 p(A Q ) n p(T ), = A* \ ker(r ), T = T* f ker(T ). A simple calculation 
shows that the relation 

e := | ( ( ^'_^t) : v, w e n\ e C{H ® H) (4.10) 

is self-adjoint in H © Ti, hence the operator Lq — L* \ r^~^Q is a self-adjoint 
extension of L in £ = ft © © and L@ coincides with L in (|4.9|l . Hence, with 
L = L* I" kcr(f ) = A © T we have 

(L - A) -1 = (L - A)- 1 +7(A)(9 - ^(A))" 1 ^)*, (4.11) 

for all A € /?(£) H p(Lq) by (|2.6I) . Note that the difference of the resolvents of 
L and Lq is a finite rank operator and therefore by well-known perturbation 
results L is semibounded if and only if Lq is semibounded, that is, Aq and To 
are both semibounded. From p(To) = f)(r) we conclude that the last assertion 
of the theorem holds. 

Similar considerations as in the proof of Theorem 13 . 21 show that 

(e-M(A)j --[ {m{x)+t{x)) -i (M(A)+r(A))-V (412) 

holds for all A <E p(L) n p(Lo). Therefore the compressed resolvent of L has the 
form 

P fl (i - A)- 1 r 5 = (4> - A)- 1 - 7(A) (M(A) + r(A))" 1 7 (A)* 
and coincides with (A_ T (\\ — A) -1 for all A belonging to 

p(L ) n p(Z) = p(A ) n f)(r) n f)(-(M + r)- 1 ), 

see Section f2.2l The minimality condition follows from the fact that T is simple, 
clospan{ker(T* — A) : A e C\K}, and l|4.11|l in a similar way as in the proof of 
Theorem EOl □ 



Example 4.4 Let A be the symmetric Sturm-Liouville operator from Exam- 
pleESland let II = {C'\ T , TJ be the boundary triplet for A* defined by (|3~T3|) . 
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Besides the operator A we consider the minimal operator T in & = L 2 (R_, C") 

.2 

associated to the Sturm-Liouville differential expression — -^ + 

T = -^+Q_, dom(T) = { S eP max ,_ : 5 (0)= 5 '(0) = 0}. 

Analogously to Example 13.51 it is assumed that Q_ € Lj oc (K_, [C 11 ]) satishcs 
Q-(') = Q— (')*! that the limit point case prevails at —00 and the maximal 
domain 2? max ,- is defined in the same way as P m ax,+ in Example 13 . 51 with R + 
and Q + replaced by R_ and Q_, respectively. 
It is easy to see that Hr = {C™, T , Ti}, where 

T g :=g(Q), T x g := -g'(0), g G dom(T*) = D max ,-i (4.13) 

is a boundary triplet for T*. For / € dom (A*) and <? € dom (T*) the conditions 
r / - T g = and r x / + Ti.g = in gSJ stand for 

/(0+)= ff (0-) and /'(0+)=.g'(0-), 

so that the operator L in Theorem 14. 31 is the self- adjoint Sturm-Liouville oper- 
ator 

dx 2 ^ y ' [Q_(x), xeR-, 

in L 2 (M,C"). 

Let A, n = {H,F ,Fi}, M(-) and T, II T = {W,T ,Ti}, r(-) be as in 
the beginning of this subsection. We define the families {TLm (\)}\eT, M arL d 
{Wt(a)}ag£- of Hilbert spaces H M {\) and Ti. T (\) by 

H M (A) = ran (Sm (M(A + iO))) and W t(a) = ran (3m (r(A + iO))) (4.14) 

for all real points A belonging to S M and £ r , respectively, cf. Section I2"3l As 
usual the projections and restrictions in H onto Hm(A) an d W T m are denoted 
by-PM(A), Ih m(x) andP r(A) , t Wx(A) , respectively. 

The next theorem is the counterpart of Theorem 13.61 in the present frame- 
work. We consider the complete scattering system {L,Lo} consisting of the 
self-adjoint operators L from Theorem 14 . 31 and 

L := A a © T , A = A* \ ker(r ), T = T* \ ker(T ), 
and express the scattering matrix {5(A)} in terms of the function M(-) and r(-). 

Theorem 4.5 Let A, U = {ft,F ,Fi}, M(-) and T, n T = {H, T ,Ti}, r(-) 
&e as above. Define Hm(\), ^t(A) as * n <|4.14ll and Zei Lq = Aq © To and L &e 
as in Theorem 14. 31 Then the following holds. 

(i) Lq c = Aq c Tq c is unitarily equivalent to the multiplication operator with 
the free variable in L 2 (E, d\,TiM(\) © W T (A))- 
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(ii) In L 2 (M., d\,Ti.M(x) ®7~Ct(\)) the scattering matrix {S(X)} of the complete 
scattering system {L, Lq} is given by 

S(\) = In MW eu TW - 2i (j^^ e [H M(X) © U r(x) ], (4.15) 

/or all A € S M n E T n E w , w/iere 

(A) = P M( A) V»m (M(A)) (M(A) + r(A)) " V^m (M(A)) \ Hmw , 
foa(A) = P M( A) \/3m (M(A)) (M(A) + r(A)) " V 3m (r(A)) r« T(A) , 
T21 (A) = P T(X) V3m(T(A))(M(A) + r (A)) _ V»m(M(A)) fa 



M(A) ' 



T 22 (A) = P T(A) V9ta(r(A))(M(A)+r(A)) V^(r(A)) f^ (A) 

and M(A) = M (A + iO), t(A) = r(A + iO). 

Proof. Let L = ^4 © T and let ft = {H © 7Y, f , f 1} be the boundary triplet for 
L* from the proof of Theorem l4.3l The corresponding Weyl function M is 



A~M(A)=( M Q (A) r( ° A) V Aep(A )n P (T ), (4. 



16) 



and since L is a densely defined closed simple symmetric operator in the sep- 
arable Hilbert space £ = fj © © we can apply Theorem 12.41 First of all we 
immediately conclude from 



^M(A) = ^M(A) © %r(A)j A G £ = £ HE 1 , 

that the absolutely continuous part Lg c = Ag c © T^ c of Lo is unitarily equiva- 
lent to the multiplication operator with the free variable in the direct integral 
L 2 (R,dX,H M (\) © T-Ct(x))- Moreover 

S(X) = l nx + 2iP m) yj 3m (M(X)) (6 - M(X))- 1 ^/ 3m (M(A)) \h m(x} (4.17) 

holds for A e S M n S" 6 , where 6 is the self-adjoint relation from (|4.1U|) . the 
set E* 6 is defined as in Section IzTSl and P^ry) an< ^ I" w mo denote the projection 
and restriction in Ti. © 7i onto Wjj, a n, respectively. 

For A € S M n we have 

lim (6-M(A + ie)) _1 = (9 — M(X + iO)) 1 



e->+CT 

and 

(R MYAVT 1 - A M W+ T W) _1 (Af(A) + t(A)) -1 

(U Ai(A)j -- ^ M(A)+r(A)) -i (M(A) + t(A)) -1 ' " 
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cf. P~T2|) . This implies that the sets S M n and S M n^nE" coincide. 
Moreover, by inserting the above expression for (0— M(A)) -1 , A S E M nS T n£ 
into (|4.17|) and taking into account l|4.1(j[l we find that the scattering matrix 
{S'(A)} of the scattering system {L, Lq} has the form asserted in (ii). □ 

The following corollary, which is of similar type as Corollarv l3.12l is a simple 
consequence of Theorem 14. 51 and Proposition 14. 21 



Corollary 4.6 Let the assumptions be as in Theorem \A.bV let Wa_ t , x ,(-) be th 



e 



characteristic function of the extension A_ T ^) i- n H4.8II and assume in addition 
that o~(Aq) is purely singular. Then Lq c is unitarily equivalent to the multiplica- 
tion operator with the free variable in L 2 (R, dX, H. T (\)) and the scattering matrix 
{S(X)} of the complete scattering system {L, Lq} is given by 

s(\) = w A _ HX) (\-ioy 

= I HrW - 2 l P T(A) V9m(r(A))(M(A) + r(A)) "V^WA)) U w 
for a.e. A G M. Ln the special case o~(Aq) — o~ p (Aq) this relation holds for all 

Aes Af nE T ns". 

Corollary 4.7 Let the assumptions be as in Corollaru \A.<6\ and suppose that the 
defect of A is one, n± (A) = 1 . Then 



cf\\ w ( \ - nr M(A)+r(A) 

s(x)=w A _^(x- i o) = M(A) + r(A) 

holds for a.e. AeR with Imr(A + iO) ^ 0. 

4.3 Scattering matrices of energy dependent and fixed dis- 
sipative scattering systems 

Let A, U = {7Y,r ,ri}, A = A* \ ker(r ) and r(-) be as in the previous 
subsections and let {A_ T (x)} be the Straus family associated with r from 14. 8|) . 
In the following we first fix some fj, G C+ U S r and consider the fixed dissi- 
pative scattering system {A_ T ^, Aq}. Notice that if /i G S T it may happen 

that A_ T ^ is self-adjoint. Let us denote by the minimal self-adjoint dila- 
tion of the maximal dissipative extension A_ T (^ in Sj © L 2 (R, dX, H t (m)) con- 
structed in Theorem 13. 21 Here the fixed Hilbert space W T ( M ) = ran (3m (r(/i))) 
coincides with H if n € C + or H T ( M ) is a (possibly trivial) subspace of H if 
/i G S T . Furthermore, if Kq = Aq Go, where Gq is the first order differ- 
ential operator in L 2 (R, dX, Ti T ^)) from Lemma [3. II then according to Theo- 
rem I3.fi! the absolutely continuous part Kq c = Ag c ©G of Kq is unitarily equiv- 
alent to the multiplication operator with the free variable in the direct integral 
L 2 (R,dX,TtM(\) © T~L T (p) ) and the scattering matrix {^(A)} of the scattering 
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system {K^ K } is given by 

k T 21 , M (A) T 22 , M (A) 



S„(A) = Ih mw ®Ht M ~ ^ ( S^S ) e [««(A)®«rM]. ( 4 - 18 ) 



for all A € S M n £ Q " , where 

, -l 



r U)/ ,(A) = P M (A) V^m (M(A)) (r( A1 ) + M(A)) " V3m(M(A)) ^ M(A); 
Ti 2 ^(A) = P M (A) V^m (M(A))(t(/x) + M(A))" V»m (r(/i)) r* r00> 
T 2 i,^(A) - P rM (r(At)) (r( M ) + M(A)) " V^m (M(A)) t« M(A) , 

T 22 ,^(A) = P TW V3m(r( M ))(rM + Af (A)) _1 -^9m (r(/i)) fw^ 



and M(A) = Af(A + iO). Here the set E^' 1 and the corresponding function 
A i-> Q_ T((tl )(A) defined in JOJ-g^ replace E Wd and A h-> {D - Af (A)) -1 in 
Theorem 13.61 respectively. 

The following theorem is one of the main results of this paper. Roughly 
speaking it says that the scattering matrix of the scattering system {L, Lq} 
from Theorem 14.51 pointwise coincides with scattering matrices of scattering 
systems {K^, Kq} of the above form. 

Theorem 4.8 Let A, U = {W,r ,ri} } Af(-) and T, II T = {H, T ,Ti}, r(-) 
be as in the beginning of Section 14.21 and let Lq — Aq © To and L be as in 
Theorem H.'M For /jgS t denote the minimal self-adjoint dilation of A_ T ( M ) in 
S) © L 2 (R, W T (p)) by and let Kq = Aq © Go, where Gq is the self-adjoint first 
order differential operator in L 2 (M.,H T ^). 

Then for each /i G Y^ M nS T H T, N the value of the scattering matrix {S^(A)} 
of the scattering system {K^jKq} at energy A = /i coincides with the value of 
the scattering matrix {5(A)} of the scattering system {L, Lq} at energy A = fx, 
that is, 

S(H) = S I1 (H) for all E M nE T nS* (4.19) 

Proof. According to Lemma 14.11 (iii) each real /z S S M fl S T n belongs 
also to the set TP*. Therefore by comparing Theorem 14.51 with the scattering 
matrix {5 M (A)} of {K M , Kq} at energy A = \i in l|4.18|l we conclude l|4.19|l . □ 



Remark 4.9 We note that Theorem 14.81 in a certain sense justifies the use of 
self-adjoint dilations (or quasi-Hamiltonians) in the analysis of scattering pro- 
cesses for open quantum systems. Indeed, if we e.g. assume that the functions 
Af (•), t(-) and (Af (•) + t(-)) -1 are continuous on an interval JcK containing 
the point /z, then for A 6 L the scattering matrix {5 M (A)} of the scattering sys- 
tem {K/j,, Kq} is a "good" approximation of the "real" scattering matrix {5(A)}, 
A € I, of the scattering system {L, Lq}. 
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Remark 4.10 The statements of Theorem 14.51 and Theorem 14.81 are also in- 
teresting from the viewpoint of inverse problems. Namely, if t(-) is a matrix 
Nevanlinna function, satisfying ker(Q ! m (r(A))) = 0, A € C+, and the conditions 
H4.7[l . and if {A_ T ^, Aq} is a family of energy dependent dissipative scatter- 
ing systems as considered above, then in general the Hilbert space © and the 
operators T C To are not explicitely known, and hence also the scattering sys- 
tem {L, Lq} is not explicitely known. However, according to Theorem 14.51 the 
scattering matrix {S'(A)} can be expressed in terms of r(-) and the Weyl func- 
tion M(-), and by Theorem 14.81 I5YAU can be obtained with the help of the 
scattering matrices {5 M (A)} of the scattering systems {K^,Ko}. 

The following corollary concerns the scattering matrices {S'_ T ( Al )(A)} of the 
energy dependent dissipative scattering systems {A_ T ^, A Q }, /i £ £ r . 

Corollary 4.11 Let the assumptions be as in Theorem g31 and let fj, G S M n 

E T n Yi N . Then the scattering matrix |5'_ T ( At ) (A)} of the dissipative scattering 
system {A_ T ( p ^, Aq} at energy A = ^ coincides with the upper left corner of the 
scattering matrix {5(A)} of the scattering system {L, Lq} at energy A = fj,. 

Let again K „ be the minimal self-adjoint dilation of the maximal dissipative 
operator A_ T (^ in ft L 2 (M, dX,Ti. T ^). In the next corollary we focus on the 
Lax-Phillips scattering matrices {S^ P (X)} of the Lax-Phillips scattering systems 
{K I17 V_^,V + ^}, where 

V_ tll :=L 2 (R_,H tM ) and Z> +iM := L 2 (R+, H rM ) 

are incoming and outgoing subspaces for K^, cf. Lemma l3.9l If Wa_ t ,. (•) is the 
characteristic function of A_ T r ll \, cf. 14.6|l . then according to Corollaries 13.101 
and 13. Ill we have 

sf: p (\)^w A _ T( jx- i or 

= L Ht{x) - 2iP TW y/Zm(T(\))(T<ji) + M(A))"V9m(r(A)) \ HrW 

for all A G E M nS^, cf. Proposition ^. 21 and Corollarv l4~o1 Statements (ii) and 
(iii) of the following corollary can be regarded as generalizations of the classical 
Adamyan-Arov result, cf. 0E]ODini an d Corollary 13. Ill 

Corollary 4.12 Let the assumptions be as in Theorem]^ and let \x € S M n 

s T ns w . 

(i) The scattering matrix {S^ P (X)} of the Lax Phillips scattering system 
{K^, at energy X = fi coincides with the lower right corner of 
the scattering matrix {S(X)} of the scattering system {L, Lq} at X = (i. 

(ii) The characteristic function W a of A_ T ^ satisfies 

= lHr W - 2*P r(Al) y/Zm (r(/i)) (r(/i) + M^^y/Qm (r( M )) . 
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(iii) If ct(Aq) is purely singular, then 

holds for a.e. /i G R. In the special case o~(Aq) = o~ p (Aq) this is true for 

all £ M n£ r n^. 

4.4 A quantum transmitting Schrodinger-Poisson system 

As an example we consider an open quantum system of similar type as in Sec- 
tion !3.4l Instead of a single pseudo-Hamiltonian Ap here the open quantum sys- 
tem is described by a family of energy dependent pseudo-Hamiltonians {^4-t(A)} 
which is sometimes called a quantum transmitting family. 

Let, as in Section IT4l (xi, x r ) C R be a bounded interval and let A be the 
symmetric Sturm-Liouville operator in Sj — L 2 ((xi,x r )) given by 

{Af){x) = -\±-L-±f{ x ) + V(x)f(x), 
2 ax m(x) ax 

dom (A) = I f eSj: f(xi) = }{x r ) = 

where V, m, m _1 e L°°((xi, x r )) are real functions and m > 0. Let vi, v r be real 
constants, let mi, m r > and define V, fh G L°°(M) by 

{vi x G (—00, X/] 
xe(x/,x r ) (4.20) 

w r a; € [x r , oo) 

and 

!m; x G (—oo, a;/] 

m(x) a;e(a;j,af r ) , (4-21) 

m r a; G [av, oo) 

respectively. We choose the boundary triplet II = {C 2 , r . Ti}, 

from jgHH> for A*. 

In the following we consider the Straus family 

A-r(X) = A* \ ker(r! + r(A)r ) , A G C+ U E r , 
associated with the 2 x 2-matrix Nevanlinna function 



A r(A)= | V*-. ^ ): (4 .22, 
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here the square root is defined on C with a cut along [0, oo) and fixed by 
3m (VX) > for A g [0, oo) and by y/X > for A G JO, oo), cf. Example 1231 so 
that indeed 3m (t(A)) > for A G C+ and t(A) = r(A), A G C\R. Moreover it is 
not difficult to see that r(-) is holomorphic on C\[min{v;, v r }, oo) and S r = ML 
The Straus family {A_ T ^x)}, A 6 C+ U S r , has the explicit form 



dom (A_ T(A) ) = ^ / e is : to) = "V i^/te). 



(4.23) 



The operator A_ T (;o is self-adjoint if A G (— oo, min{«z, v r }] and maximal dissi- 
pative if A € (min{w;, oo). We note that the Straus family in i|4.23[) plays an 
important role for the quantum transmitting Schrodinger-Poisson system in |10| 
where it was called the quantum transmitting family. For this open quantum 
system the boundary conditions in (|4.23|) are often called transparent boundary 
conditions. 

We leave it to the reader to verify that the Nevanlinna function r(-) in 
H4.22|l satisfies the conditions (|4.7|l . Hence by 28 , 48 50 there exists a separable 
Hilbert space 25, a densely defined closed simple symmetric operator T in 25 and 
a boundary triplet Ht — {C 2 , To, Ti} for T* such that r(-) is the corresponding 
Weyl function. Here 25, T and Ht = {C 2 ,T ,Ti} can be explicitly described. 
Indeed, as Hilbert space 25 we choose L 2 ((— oo, xi) U (x r , oo)) and frequently we 
identify this space with L 2 ((— oo, x{)) © L 2 ((x r , oo)). An element g G 25 will be 
written in the form g = gi ® g r , where gi € L 2 ((— oo, x{)) and g r G L 2 ({x r , oo)). 
The operator T in 25 is defined by 



(Tg)(x) 







h£lt r £9r(x)+v r g r (x) 



do m( T):=( 9 =. 9iffl . 9re 0: ff €^((-oox0)e^((^,oo)) 

{ m{xi) = gr{x r ) = g[{xi) = g' r {xi) = 

and it is well-known that T is a densely defined closed simple symmetric operator 
in 25 with deficiency indices n + (T) = n_(T) = 2. The adjoint operator T* is 
given by 



-h^l9r{x)+v r g r {x) 



(T*g)(x) = 

dom(T*) = {g = gi®g r G 25 : VK 2 ((-oc, x t )) © W^((x r ,oo))} 
We leave it to the reader to check that Ht = {C 2 , To, Ti}, where 



Tog := ( 9l H ) and T l9 := ( 

1 9r{Xr) J \ 2^g r (Xr) 
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9 = 9i © 9r e dom(T*), is a boundary triplet for T*. Notice that T = T* f 
ker(To) is the restriction of T* to the domain 

dom (T ) = [g S dom (T*) : gi{xi) = g r (x r ) = 0}, 

that is, To corresponds to Dirichlet boundary conditions. It is not difficult to 
see that ct(Tq) = [min{w;, v r }, oo) and hence the Weyl function corresponding 
to ILt — {C 2 ,To,Ti} is holomorphic on C\[rnin{v;, v r }, oo). 

Lemma 4.13 Let T C T* and II T = {C 2 ,T ,Ti} &e as above. Then the 
corresponding Weyl function coincides with r(-) m (|4.22() . 

Proof. A straightforward calculation shows that 

fy.Afa) := , = = cxp \-iy/2mi(X - v{j(x - xi)\ 

belongs to L 2 {{— oo, x;)) for A e C\[uj,oo) and satisfies 

— ^~h,\{x) + vihix(x) = Xh LX (x). 
2 ax mi ax 

Analogously the function 

k r ,\{x) := = == exp \i^j2m r {\ - v r )(x - x r )\ 

s /2mi(\-v r ) ^ > 

belongs to L 2 ((a; r ,oo)) for A G C\[u r ,oo) and satisfies 

-~ 4~ — -T k r,\( x ) + v r k r ,\(x) = \k r ^x(x). 
2 ax m r ax 

Therefore the functions 

h\ ;= hi t \ 8 and k\ := ® fc r ,A 

belong to (3 and we have ker(T* — A) = sp{h\, k\]. 

As the Weyl function t(-) corresponding to T and Ihr = {C 2 ,To,Ti} is 
defined by 

Ti3a = r(A)T .gA for all g\ £ ker(T* — A), 
A 6 C\[min{«;, w r }, oo), we conclude from 

Ti/lA = ^ ( ) and - ^ V 2m ^-»") ^ 

and 

1 / \ ( \ 

T i fc A = 7: I l and T fc A = 



2 



^/2m r (A-ti r ) 
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that f has the form KTB . ?(■) = r(-). □ 

Let A, n = {C 2 ,r ,ri} and T, II T = {C 2 ,T ,Ti} be as above. Then 
according to Theorem 14. 31 the operator 

L := A* © T* r j/ © G dom (A* © T*) : ^ ~ = } (4 ' 24) 

is a self-adjoint extension of A © T in Sj © ©. We can identify © (5 with 
L 2 ((-oo,Xi)) © L 2 ({x u x r )) © L 2 ((x r ,oo)) and L 2 (R). The elements /© 5 in 
Sj © 6, / S Sj, g = gi © g r € © will be written in the form gi ® f ® g r . The 
conditions r / = T .g and ri/ = —Txg, f € dom (A*), g g dom(T*), have the 
form 

/(x r ) y V ffr (a; r ) y V - (2^/;) (a? r ) / V "2^:5 Or) 

Therefore an element g\ © / © g r in the domain of l|4.24[l has the properties 
^OO = f( x l) and /(^r) = 9r{x r ) 

as well as 

— SfM) = (-/)(*') and f-/') M = — 9r(*r) 

mi \m J \m J m r 

and the self-adjoint operator L in l|4.24(l becomes 

L(gi © / © g r ) = 

i£^£9i + vigi 

-hM& + Vf 

-\±^±9r + v r g r/ 

With the help of (|4.2U|I and (|4.21|) we see that 14.2411 can be regarded as the 
usual self-adjoint second order differential operator 

~ 1 d 1 d ~ 
L = — h V 

2 dx m dx 

on the maximal domain in L 2 (M.), that is, l|4.24|l coincides with the so-called 
Buslaev-Fomin operator from 

Denote by M(-) the Weyl function corresponding to A and the boundary 
triplet LT = {C 2 ,r ,ri}, cf. I|3.33[) - (|3.34[) . Since a(A ) consists of eigenvalues 
Corollary 14 . til implies that the scattering matrix {S'(A)} of the scattering system 
{L, L }, L = A © T , is given by 



S(X) = I nrW - 2zP T(A) V3m(r(A))(Af(A) + r(A)) ^m(r(A)) \ Ht{ , 
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for all A G p(A ) n S w , where 



{{0}, A € (-oo,min{wj,u r }], 
C, A e (min{vi,v r },msx{vi,v r }], 
C 2 , A £ (max{w;, v r }, oo). 

The scattering system {£, L } was already investigated in |UJ^]. There it was 
in particular shown that the scattering matrix {S'(A)} and the characteristic 
function Wa_ t{x \ (•) of the maximal dissipative extension A_ T (\) from H4.23|l are 
connected via 

s(\) = w A _ TW (\-ioy, 

which we here immediately obtain from Corollary 14.61 
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